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We discuss the destruction of vortex lattice order in type-II superconductors by random point pinning and
thermal fluctuations based on Lindemann criteria. The location of the melting line and the order-disorder
transition, which marks the destruction of the topologically ordered Bragg glass phase and is the reason for the
second peak effect, is calculated. We focus on a comparative discussion of different versions of Lindemann
criteria and, with regard to experiment, on a comparative discussion of three classes of type-II
superconductors—low-T c , anisotropic high-T c , and layered high-T c materials. Specific attention is paid to the
role of nonlocal magnetic interlayer couplings and the softening of elastic moduli at high magnetic fields,
which is crucial for low-T c materials. We also discuss in detail the competing mechanisms of thermal depinning and temperature dependence of the pinning strength through microscopic parameters as well as the
crossover between single vortex and bundle pinning for low-T c materials.
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I. INTRODUCTION

Influence of quenched random pinning on the crystalline
order of the vortex lattice in type-II superconductors is an
issue of longstanding interest for theory and experiment because structural properties of the vortex lattice immediately
influence quantities crucial for applications, e.g., critical currents and electrical resistance. The flux line array in high-T c
superconductors 共HTSC’s兲 such as Bi2 Sr2 CaCu2 O8⫹x
共BSCCO兲 or YBa2 Cu3 O7⫺x 共YBCO兲 is extremely susceptible to thermal and disorder-induced fluctuations due to the
interplay of several parameters such as high transition temperature T c , large magnetic penetration depth  and short
coherence length  , and a strong anisotropy of the material.
This leads to the existence of a variety of fluctuation dominated phases of the flux-line array and very rich phase diagrams for the HTSC materials.1–3 But also in low-T c materials such as 2H-NbSe2 共NbSe兲 structural instabilities of the
vortex lattice produce analogous effects in the critical current, however, in much closer vicinity to the upper critical
field H c2 as compared to high-T c materials.
Upon increasing the temperature across the melting transition of the vortex lattice the critical current goes to zero
and superconductivity is destroyed by thermal fluctuations of
the vortex lines. The existence of a melting transition of the
flux-line lattice 共FLL兲 into an entangled vortex liquid 共VL兲
was first proposed by Nelson.4 Observations of hysteretic
resistivity switching and magnetization measurements5 have
experimentally supported a first-order melting of very clean
lattices. Calculations for the locus of the melting line have
been mainly based on the use of the Lindemann criterion
具 u 2 典 T ⫽c L2 a 2 , which estimates the root-mean-square thermal
displacement fluctuations ( 具 u 2 典 T ) 1/2 of a vortex element at
the melting transition as a fraction c L a of the FLL spacing a
with a Lindemann number c L ⬇0.2. The phenomenological
Lindemann criterion has proven very successful in describing experimental melting curves, and refined theoretical
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evaluations of 具 u 2 典 T have been presented for anisotropic6
and strongly layered7 HTSC materials. Recently two melting
theories going beyond a Lindemann analysis have been proposed offering two complementary mechanisms for the vortex lattice melting. In Ref. 8 a self-consistent analysis of
anharmonicities beyond the elastic deformation of the FLL
leads to a melting instability, in Ref. 9 a theory of
dislocation-mediated vortex lattice melting is put forward.
Since the work of Larkin and Ovchinnikov,10 the influence of quenched pointlike pinning centers on the vortex
lattice and the nature of the collectively pinned FLL have
been subject of intense theoretical interest. It was argued in
Refs. 11 and 12 that weak point disorder drives the vortex
lattice into a vortex glass 共VG兲 state with zero linear resistivity, which has been supported by experimental findings.13
In weak collective pinning theory according to Ref. 10,
disorder-induced
relative
displacements
grow
as
2
4⫺d
in d-dimensional space, i.e., the
具 关 u(r)⫺u(0) 兴 典 ⬃r
pinned FLL is described by the roughness exponent  ⫽(4
⫺d)/2. This would lead to an instability with respect to the
proliferation of topological defects such as dislocations in
the FLL 共Ref. 14兲 such that weak point disorder was believed
to destroy the crystal order of the FLL. However, the argument does not take into account that the results of Ref. 10 get
modified for displacements exceeding the coherence length
 . On larger length scales the growth of relative displacements first crosses over to a power law with a somewhat
smaller  , 12 before a very slow logarithmic growth sets in on
the largest scales.15,16 In the absence of dislocations this
leads to a VG phase that maintains quasi-long-range translational order with power-law Bragg singularities in the structure factor and has thus been called ‘‘Bragg glass’’ 共BrG兲.16
In Refs. 16 –18 it has been argued that the elastic BrG is
stable against dislocation formation at low magnetic fields.
Upon increasing the magnetic field the vortex lattice softens and the point disorder strength effectively increases. At
sufficiently high magnetic fields the BrG becomes unstable
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and dislocations proliferate.9,17,18 Various experimental signatures can be attributed to the resulting order-disorder or
amorphization transition into a high-field amorphous VG.
Neutron-diffraction measurements on BSCCO 共Ref. 19兲
show a destruction of the characteristic power-law Bragg
peaks at higher fields. Also transport measurements on
YBCO 共Ref. 20兲 indicate a crossover from the first-order
melting at low magnetic fields to a continuous VG-VL transition that can be related to the order-disorder transition
within the vortex solid. The occurrence of a very sharp second peak in magnetic hysteresis measurements on BSCCO,21
YBCO,22 or NbSe 共Ref. 23兲 at a well-defined second peak
field can be interpreted as another hallmark of the orderdisorder transition from a low-field elastic BrG to the highfield amorphous VG. The second peak is associated with a
rise of the critical current across this transition which is due
to an onset of plastic deformation. It has been shown in Ref.
24 that plastic degrees of freedom depin at lower current
densities j but below the depinning threshold barriers U( j)
⬃ j ⫺  are higher, i.e.,  is larger for plastic creep, which can
explain the rise in the apparent critical current that manifests
in the second peak. This corresponds to the intuitive picture
that the additional plastic deformation allows better adjustment of the pinned FLL configuration thus leading to larger
critical currents.
Analogously to the case of thermal melting, progress in
predicting the locus of the order-disorder or amorphization
transition has mainly been made by using generalized phenomenological Lindemann criteria.25–32 Derivations of Lindemann criteria have been given in Refs. 17 and 9 by studying the onset of the instability of the BrG with respect to
spontaneous generation of disorder-induced dislocations.
Whereas Refs. 25–30 and 32 focus on high-T c materials
such as BSCCO or YBCO, Ref. 31 addresses also low-T c
materials such as NbSe. In this paper we want to critically
review the Lindemann analysis for the three representative
materials BSCCO, YBCO, and NbSe with BSCCO as a typical strongly layered high-T c compound with weak Josephson
coupling, YBCO as a typical moderately anisotropic highT c , and NbSe as a typical weakly anisotropic low-T c type-II
superconductor. On the one hand, we want to emphasize the
common approach via the Lindemann analysis; on the other
hand, the comparative study will show that each of the three
mentioned classes of superconductors exhibit peculiarities
that have to be taken into account in the analysis. At low
magnetic fields, when the vortex spacing a becomes larger
than the magnetic penetration depth , we have to pay specific attention to the role of nonlocal electromagnetic couplings. This becomes particularly important for BSCCO with
its weak Josephson coupling where the order-disorder transition takes place at such low fields. In low-T c materials, on
the other hand, the softening of elastic moduli at high magnetic fields is particularly relevant because both melting line
and the order-disorder transition are located close to the upper critical field H c2 . An important point in interpreting experiments is also a detailed knowledge of the temperature
dependence of the order-disorder transition line, which is
determined by an interplay between the temperature dependence of microscopic parameters entering the pinning

strength and the effective weakening of the pinning potential
by ‘‘thermal smearing’’ due to thermal motion of the vortices
which can give rise to thermal depinning.1 Often one or the
other source of temperature dependence can be neglected.
For example, in low-T c materials depinning temperatures are
very close to T c and the temperature dependence through
microscopic parameters is more important whereas in highT c materials thermal depinning is the dominating effect.
The paper is organized as follows. First we will discuss
the Lindemann criteria for thermal and disorder-induced
melting transitions in Sec. II. In a system subject to
quenched disorder the Lindemann criterion can be formulated in two slightly different versions both of which can be
interpreted in terms of the underlying melting mechanism:
Thermal and quenched fluctuations can act independently
from each other in destroying the lattice order or they can act
cooperatively. In Sec. III we will show how the Lindemann
criterion for melting of the vortex lattice can be reformulated
in terms of fluctuations of single vortices of a certain length,
the single-vortex length L 0 , that is set by the interactions
within the FLL. In Sec. IV we discuss how the properties of
single-vortex fluctuations are strongly modified if the nonlocal electromagnetic coupling cannot be neglected. This becomes crucial in the Lindemann analysis for the strongly
high-T c layered materials, e.g., BSCCO. In Sec. V we
present the Lindemann analysis for thermal melting in the
absence of quenched disorder, first for YBCO and NbSe, and
then for BSCCO. In order to study the order-disorder or
amorphization transition that is caused by quenched point
disorder employing the single-vortex Lindemann criterion
we have to discuss the pinning of single vortices which is
done in Sec. VI. Within weak collective pinning theory discussed in Sec. VI A, the characteristic length scale set by the
frozen-in point disorder is the collective pinning or Larkin
length L c . We have to carefully distinguish several pinning
regimes depending on the size of the pinning length L c in
comparison to the single-vortex length L 0 and the layer spacing d in a layered material. For L c ⬎L 0 we have bundle pinning for L c ⬎L 0 and single-vortex pinning for L c ⬍L 0 which
are discussed in Sec. VI B. For L c ⬍d the layered structure
becomes relevant for the pinning, and there is a crossover
from weak collective pinning to strong pinning of pancake
vortices which is discussed separately in Sec. VI C. The Lindemann analysis is complicated by the fact that the pinning
strength is temperature dependent through two different
mechanisms. We have a temperature dependence of the pinning strength through the microscopic parameters 共such as 
or  ) but we also have smearing or weakening of disorder by
thermal fluctuations above the depinning temperature T dp .
Therefore we have to carefully discuss the temperature dependence of the crossover between the different pinning regimes for the three exemplary materials throughout Sec. VI.
Having clarified the different pinning regimes we can perform the Lindemann analysis for the order-disorder or amorphization transition driven by the quenched point disorder.
This task is split into two parts. In Sec. VII we discuss the
analysis for T⫽0 depending on magnetic fields and pinning
strength. Finally, in Sec. VIII, we discuss the influence of
thermal fluctuations and perform the Lindemann analysis for
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T⬎0, i.e., in the familiar B-T plane. In the Appendix we
provide a set of values for material parameters used for estimates throughout the text for all three exemplary materials
and a list of symbols 共Table I兲.
II. LINDEMANN CRITERION

The phenomenological Lindemann criterion has proven
successful6,7 in determining the locus of the melting transition for the first-order thermal melting transition. At sufficiently low disorder strength or low magnetic fields the firstorder thermal melting transition can also be found in the
presence of point disorder. In its conventional form for thermal fluctuations the Lindemann criterion is formulated as

具 u 2 典 T ⫽c L2 a 2 ,

共1兲

where u is the displacement of vortex elements and 具 ••• 典 T
the purely thermal average in the absence of quenched disorder. The Lindemann number c L is introduced here as a
phenomenological parameter that is supposed to depend only
weakly on the specific lattice parameters of the solid phase,
in particular it is assumed to be independent of the magnetic
field. In principle its value can be determined by ab initio
melting theories going beyond a Lindemann analysis, for example, in Ref. 9 a value c L ⬇0.2 is found for dislocationmediated vortex lattice melting. The Lindemann number c L
can also be determined from simulations of the vortex lattice
melting transition. Early Monte Carlo studies of an interacting line model33 find a melting transition with a Lindemann
number that depends weakly on the magnetic field with values c L ⬇0.2 over a wide field range. Path integral Monte
Carlo simulations of the corresponding lattice to superfluid
transition of two-dimensional 共2D兲 bosons34 give a Lindemann number c L ⬇0.25. Finally, carefully equilibrated
Monte Carlo simulations of the three-dimensional uniformly
frustrated, anisotropic XY model35 give a value of c L
⬇0.18. All these findings suggest that a Lindemann number
c L ⬇0.2 is appropriate for the thermal vortex lattice melting.
For the disorder-induced transition we will assume similar
values of the Lindemann number.
For thermal fluctuations the main contribution to the
mean-square displacement comes from fluctuations with the
shortest wavelength of the order of the vortex spacing a.
Therefore one can rewrite the Lindemann criterion for thermal melting 共1兲 as

具 ⌬u 2 共 a,0兲 典 T ⫽ 具 关 u 共 a,0兲 ⫺u 共 0,0兲兴 2 典 T ⫽c L2 a 2 ,

共2兲

where u(R,z) is the displacement of the vortex element at
r⫽(R,z), and a is a unit vector of the hexagonal Abrikosov
lattice. z is the coordinate parallel to the magnetic field H
which is directed along the c axis of the anisotropic type-II
superconductor in the usual experimental situation, H兩兩 c. In
the form 共2兲, the Lindemann criterion is a local criterion
where thermal fluctuations in the bond length a⫹⌬u(a,0)
connecting nearest neighbors are used to indicate the loss of
global positional order of the FLL. In the form 共2兲 the Lindemann criterion can also be applied to situations where
具 u 2 典 T is formally diverging as, for example, in the thermal

FIG. 1. Schematic phase diagram 共neglecting reentrance at low
fields兲 illustrating the two scenarios corresponding to the two possible generalizations of the Lindemann criterion. Left: According to
Eq. 共3兲 if temperature and point disorder act cooperatively. Right:
According to Eqs. 共2兲, 共4兲, and 共5兲 if temperature and point disorder
cause distinct phase transitions. The dashed line is the thermal melting line in the absence of quenched disorder according to Eq. 共2兲.
The temperature T x is defined by 具 ⌬u 2 (a,0) 典 T ⫽ 具 ⌬u(a,0) 典 2
⫽c L2 a 2 .

melting of a two-dimensional lattice and to the orderdisorder transition due to quenched point disorder that we
will discuss now.
There are two possibilities to generalize criterion 共2兲 in
order to include phenomenologically the disorder-induced
quenched displacement fluctuations as possible cause for the
destruction of the vortex crystal. To see this we first note that
at finite temperatures and in the presence of quenched point
disorder the displacement has two parts u⫽up ⫹uth in the
notation of Ref. 1. The quenched part up is due to pinning
and does not average to zero upon performing the thermal
average: up ⫽ 具 u典 . The part uth ⫽u⫺ 具 u典 describes thermal
fluctuations around the pinning part. Thus 具 u 2th 典 ⫽ 具 u 2 典
⫺ 具 u 典 2 is the thermal part and u 2p ⫽ 具 u 典 2 the disorder part of
the mean-square fluctuations. By using a tilt symmetry of the
vortex system36 one can establish that 具 u 2th 典 is unchanged by
the quenched disorder, i.e., 具 u 2th 典 ⫽ 具 u 2 典 T . However, u th is
not Gaussian distributed as in the absence of quenched
disorder.37
The first possibility to generalize criterion 共2兲 is to replace
⌬u
具 2 (a,0) 典 T ⫽ 具 ⌬u 2th (a,0) 典 by the full mean-square displacement 具 ⌬u 2 (a,0) 典 ⫽ 具 ⌬u 2th (a,0) 典 ⫹ 具 ⌬u 2p (a,0) 典 in Eq. 共1兲:

具 ⌬u 2 共 a,0兲 典 ⫽ 具 ⌬u 2 共 a,0兲 典 T ⫹ 具 ⌬u 共 a,0兲 典 2 ⫽c L2 a 2 .

共3兲

This procedure is suitable if temperature 共or entropy兲 and
quenched disorder act cooperatively in generating topological defects in the FLL. It corresponds to a scenario where
there is only one topologically disordered phase beyond the
BrG instability, and the VL phase and the amorphous VG are
thermodynamically identical phases. A criterion such as Eq.
共3兲 would shift the thermal melting line to lower fields and
lead to a crossover of the thermal melting line into the amorphization transition line as soon as 具 ⌬u 2 (a,0) 典 T
⫽ 具 ⌬u(a,0) 典 2 ⫽c L2 a 2 at a temperature T x , see Fig. 1. A Lindemann criterion of the form 共3兲 has been assumed in almost
all previous Lindemann analysis of the BrG
stability.25–28,30–32 It can also be formulated in terms of three
characteristic energies of a vortex lattice unit cell,29,32 the
temperature T, a characteristic energy E pl ⬀c L2 necessary for

024501-3

PHYSICAL REVIEW B 69, 024501 共2004兲

JAN KIERFELD AND VALERII VINOKUR

plastic deformation of the FLL, and a characteristic pinning
energy E pin 共equations for E pl and E pin will be given below兲
as T⫹E pin ⫽E pl .
A different possibility to generalize criterion 共2兲 is based
on a mechanism where temperature and quenched disorder
do not act cooperatively but lead to two distinct instabilities
of the BrG, for example instabilities with respect to dislocation loops on two different length scales. Such a mechanism
has been advocated in Ref. 9 where temperature leads to an
instability with respect to a dislocation array of high dislocation density  ⬃a ⫺3 , which can be interpreted as a VL
phase saturated with small dislocation loops. On the other
hand, quenched disorder leads to an instability with respect
to a much smaller dislocation density that is essentially set
by a large pinning length 共the positional correlation length,
see Ref. 9兲 and characterizing the amorphous VG. Having
such a scenario in mind one would rather generalize Eq. 共1兲
by introducing a second criterion which considers only the
pinning-induced displacements

具 ⌬u 共 a,0兲 典 2 ⫽c L2 a 2 ,

共4兲

giving the locus of the disorder-induced or amorphization
transition line. The locus of the thermal melting line is still
given by Eq. 共1兲 or 共2兲 and unchanged by quenched disorder.
Within the scenario where quenched disorder and thermal
fluctuations act independently, one consequently argues for
two distinct topologically disordered phases, the VL and the
amorphous VG 共at least close to the stability region of the
quasiordered BrG, where we expect Lindemann criteria to
work, at higher fields a critical end point can occur9兲. This
suggests that the locus of the VG-VL transition is given by a
third Lindemann-like criterion

具 ⌬u 2 共 a,0兲 典 T ⫽ 具 ⌬u 共 a,0兲 典 2 ,

共5兲

and we have three-phase coexistence for 具 ⌬u 2 (a,0) 典 T
⫽ 具 ⌬u(a,0) 典 2 ⫽c L2 a 2 at the temperature T x , see Fig. 1. Only
in the Lindemann analysis of Ref. 29 this second generalization of the Lindemann criterion has been employed consistently although in Ref. 25 a criterion equivalent to Eq. 共5兲 is
applied to calculate the irreversibility line 关but the BrG phase
boundary is calculated using Eq. 共3兲 in Ref. 25兴. In Ref. 29
the two Lindemann criteria were formulated in terms of the
three characteristic energies that we introduced above. We
can write T⫽E pl equivalent to Eq. 共1兲 as criterion for thermal melting, the BrG-VL transition. E pin ⫽E pl corresponding to Eq. 共4兲 is the criterion for the order-disorder transition
line between VL and amorphous VG. Finally T⫽E pin
equivalent to Eq. 共5兲 is the criterion for the VG-VL transition.
Within a dislocation-mediated melting theory it is indeed
possible to give some qualitative arguments supporting the
view that quenched disorder and thermal fluctuations act independently rather than cooperatively in destroying the lattice order. For dislocation-mediated melting it is expected
that a first-order transition into a VL phase without any
short-scale translational order has to correspond to a phase
transition where a dense array of dislocations (  ⬃a ⫺3 ) enters the sample. On the other hand, in the presence of

quenched disorder dislocation lines gain disorder energy by
optimizing their position and shape. However, in a dense
dislocation array with dislocation distances or dislocation
loop sizes of the order of the lattice spacing a also the optimization of position and shape can only take place over distances of the order of a, and thus give only small additional
disorder energy gains compared to the entropic terms. This
suggests that quenched disorder is an irrelevant perturbation
and that thermal fluctuations 具 u 2th 典 alone should be considered in the Lindemann criterion, as in Eq. 共1兲. On the other
hand, for the melting induced by quenched disorder, thermal
fluctuations are irrelevant because in the three-dimensional
FLL 具 u 2th 典 is independent of system size and thus not diverging in the thermodynamic limit. Therefore we expect temperature to be an irrelevant perturbation at this order-disorder
or amorphization transition that causes only thermal smearing of the disorder but does not change the nature of the
transition.1 This suggests that as in Eq. 共4兲 disorder-induced
fluctuations 具 u 典 2 alone should be considered in the Lindemann criterion. Note that effects of thermal smearing are
taken into account already in expressions such as 具 u 典 2 due to
the thermal preaveraging.
The situation is more subtle for related models of elastic
manifolds in two dimensions.38,39 There it has been demonstrated rigorously that below a depinning temperature thermal fluctuations are irrelevant and the transition driven by
quenched disorder is in the same universality class as the
corresponding T⫽0 transition. As in three dimensions temperature influences this transition only by thermal smearing
below the depinning temperature.39 This low-temperature behavior can also be qualitatively understood by using a Lindemann criterion where only disorder-induced fluctuations
具 u 典 2 are considered. Above the depinning temperature, however, thermal fluctuations change the renormalization-group
flow equations. In a qualitative Lindemann analysis this behavior can only be obtained by the use of a Lindemann criterion analogously to Eq. 共3兲 where both sorts of fluctuations
act cooperatively.
If the dimensionality is further decreased and we consider
a one-dimensional single vortex it is well known1 that disorder even becomes irrelevant for n⬎2 where n is the number
of components of the vortex displacement field. For the
physical case of n⫽2 disorder is only marginally relevant,
and it is the competition between quenched and thermal fluctuations that leads to an exponential increase in the crossover
scale between the short-scale regime dominated by thermal
fluctuations and the large-scale regime dominated by disorder fluctuations, the pinning length L c (T) 关cf. Eq. 共43兲 below兴. In this sense, quenched disorder and thermal fluctuations always act cooperatively on single vortices. Therefore
we expect the cooperative Lindemann criterion to eventually
govern the physics in the very diluted regime where the thermal melting field b m drops below the single-vortex pinning
field b s v .
We want to conclude this section by comparing the resulting phase diagrams if the criterion 共3兲 based on cooperative
action of quenched and thermal fluctuations is used or the
criteria 共2兲, 共4兲, and 共5兲 where quenched and thermal fluctua-
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tions act independently. In Fig. 1 it is shown that naturally
the stability boundary of the BrG phase is at slightly lower
fields within the scenario of cooperatively acting fluctuations. At low T, when thermal fluctuations have no effect,
and close to T c both scenarios give identical results. The
differences become most pronounced around the temperature
T x of three-phase coexistence in the second scenario of independently acting fluctuations. Based on the arguments presented before we will employ the approach of independently
acting quenched and thermal fluctuations, i.e., the criteria
共2兲, 共4兲, and 共5兲 throughout this paper which have also been
used in Ref. 29 for BSCCO and which are supported by the
melting theory presented in Ref. 9.
III. SINGLE-VORTEX LENGTH AND LINDEMANN
CRITERION

Local Lindemann criteria of the form 共2兲–共5兲, which are
probing fluctuations of changes in bond length ⌬u(a,0) between nearest neighbors, can be reformulated in terms of the
fluctuations of a single vortex line of a certain length which
is set by the interactions with its nearest neighbors. This
length scale is the so-called single-vortex length L 0 共in the
notation of Ref. 1兲, which can be obtained within the elastic
description of the FLL in terms of the displacement field
u(r) with an elastic Hamiltonian that contains tilt, shear, and
compression modes and associated elastic moduli c 44 , c 66 ,
and c 11 , see for example Refs. 1 and 2. Over a wide range of
parameters the vortex lattice is practically incompressible,
c 11Ⰷc 66 , such that transversal shear displacements are much
larger than the longitudinal compression displacements at a
given temperature or quenched randomness. Therefore, we
can neglect the longitudinal displacement modes for what
follows, and we consider a vortex line participating in a
shear deformation on the scale of the vortex lattice unit cell
R⫽a perpendicular to the vortex line and on a scale L along
the vortex line 共we denote perpendicular scales by R and
scales parallel to the vortex line by L). The corresponding
wave vectors are 兩 K兩 ⫽K BZ in the direction perpendicular to
the vortex where K BZ ⬇2 冑 /a is the 共circularized兲
Brillouin-zone radius and q⫽1/L in the z direction along the
vortex line. The single-vortex scale L 0 is determined by optimizing the sum of the tilt and shear energy of the vortex
lattice
unit
cell
E tilt ⫹E shear ⫽c 44(K BZ ,1/L)a 2 u 2 /L
2
⫹c 66Lu with respect to the length L which gives

冉

c 44共 K BZ ,1/L 0 兲
L 0 ⯝a
c 66

冊 冉

 l 共 1/L 0 兲
⯝
c 66

1/2

冊

1/2

共6兲

(⯝ is used if numerical prefactors are neglected兲, where we
have to take into account the dispersion of the tilt modulus
c 44⫽c 44(K,q) whereas the shear modulus is approximately
dispersion-free. Because K⯝1/a represents the shortest
wavelength c 44(1/a,q)⯝ l (q)/a 2 is given by the singlevortex line tension  l (q). The length scale L 0 sets the typical
scale along the vortex line over which a single vortex can
freely fluctuate relative to its neighbors. Fluctuations on
larger scales are suppressed by the vortex interaction. This
effective single-vortex model has also been called ‘‘cage

model’’25,29 because a vortex line is trapped in a hexagonal
cage by the interaction with its nearest neighbors on scales
larger than L 0 . On scales smaller than L 0 the cage is large
enough for the vortex line to freely fluctuate.
As the vortex lattice is essentially incompressible the elastic vortex lattice fluctuations are dominated by transversal
shear and tilt modes which are described by the transversal
part G T (K,q) of the elastic vortex lattice Green’s function
G T 共 K,q 兲 ⫽c 66K 2 ⫹c 44共 K,q 兲 q 2 .

共7兲

Tilt and shear contributions always enter the final results for
thermal and disorder-induced displacement fluctuations
through the elastic Green’s function 共7兲 as a rescaling of
length scales in z direction shows.3 Therefore the elastic
Green’s function 共7兲 governs the scaling of tilt and shear
contributions, and for a given wave vector K of shear deformation only tilt deformations with q⬎K 关 c 66 /c 44(K,q) 兴 1/2
are accessible at comparable deformation energies both for
thermal and disorder fluctuations. Thus the scaling of tilt and
shear deformations due to Eq. 共7兲 leads to the following result for displacements ⌬u(L)⬅⌬u(0,L)⫽u(0,L)⫺u(0,0)
and ⌬u(R,0)⫽u(R,0)⫺u(0,0):

具 ⌬u 2 共 R,0兲 典 T ⫽ 具 ⌬u 2 共 0,L 兲 典 T ,
具 ⌬u 2 共 R,0兲 典 ⫽ 具 ⌬u 2 共 0,L 兲 典 ,

共8兲

if the length R in direction perpendicular to the vortex lines
and L in direction parallel to the vortex lines are related by
L⯝R 关 c 44(1/R,1/L)/c 66兴 1/2. According to Eq. 共6兲, the singlevortex length scale L 0 is defined such that L⫽L 0 and the
vortex lattice spacing R⫽a in the perpendicular direction
form such a pair of length scales. Therefore we can use Eq.
共8兲 to rewrite the Lindemann criteria 共2兲–共5兲 as

具 ⌬u 2 共 a,0兲 典 T ⫽ 具 ⌬u 2 共 0,L 0 兲 典 T ,
具 ⌬u 2 共 a,0兲 典 ⫽ 具 ⌬u 2 共 0,L 0 兲 典 .

共9兲

To calculate mean values of ⌬u(L 0 )⫽u(0,L 0 )⫺u(0,0),
however, we only need to know single-vortex properties on
scales L⬍L 0 关the relative fluctuations of ⌬u(L 0 ) are also
identical to the total fluctuations u of a vortex of length L
⫽L 0 ]. Hence, fluctuations of a single vortex up to the scale
of the cage length are identical to relative fluctuations of two
neighboring vortices. The local character of the Lindemann
criteria 共2兲–共5兲 becomes even more obvious.
If the Lindemann criterion is formulated in terms of three
characteristic energies as in Refs. 29 and 32 they also refer to
the energies of a vortex fluctuation of wavelength L 0 parallel
and wavelength a perpendicular to the vortex line. The typical thermal energy of such a fluctuation is T. The typical
energy for a plastic deformation can be estimated by the
elastic energy corresponding to a deformation with u⫽c L a
which is E pl ⯝ l (1/L 0 )c L2 a 2 /L 0 . The typical pinning energy
is estimated by the elastic energy corresponding to the typical pinning-induced displacement u⫽ 具 ⌬u(a,0) 典 2 which is
E dis ⯝ l (1/L 0 ) 具 ⌬u(a,0) 典 2 /L 0 . It becomes clear that the cri-
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teria T⫽E pl , T⫹E dis ⫽E pl , E dis ⫽E pl , and T⫽E pin are
equivalent to the Lindemann criteria 共2兲–共5兲.
In the following we calculate the single-vortex length L 0
from Eq. 共6兲. The result of this calculation will be

再冉

a 共 1⫺b 兲

L 0⯝

a

a
 ab

冊

⫺1/2

⫺3/4

exp

冉 冊
1 a
2  ab

for a⬍ ab
for a⬎ ab ,

共10兲

2
/a 2 is the reduced magnetic inducwhere b⫽B/B c2 ⫽2  ab
tion,  ab is the magnetic penetration depth, and ⫽ ab / c
the anisotropy ratio of the type-II superconductor. Small
logarithmic corrections are neglected in Eq. 共10兲. In the dilute limit (a⬎ ab ) and in the dense limit (a⬍ ab ) very
close to the upper critical field 1⫺bⰆ1 the single-vortex
length becomes very large. In both cases this is due to a
softening of the lattice and a corresponding decrease in c 66 ,
however for slightly different reasons. At low fields the vortex interaction decreases exponentially with increasing a/ ab
leading to a softening, at extremely high fields softening is
due to the effective increase of the magnetic penetration
depth ˜ ab ⫽ ab (1⫺b) ⫺1/2 by the large normal cores of the
vortices2 and an effective decrease of the vortex-vortex interaction by a factor (1⫺b). 40 The influence of the softening
at high fields on the single-vortex length L 0 has been missed
in Ref. 31 giving misleading results regarding the locus of
the amorphization transition line for low-T c materials such
as NbSe where this effect becomes very important because
melting and amorphization transition lines are both located
in the vicinity of the upper critical field.
To calculate L 0 from Eq. 共6兲 we need the shear modulus
c 66 and the single-vortex line tension  l (q). The shear
modulus c 66 is given by2,40

冦 冑冉
⑀0

c 66⬇

4a 2
0

a

2

共 1⫺b 兲 2

 a
6  ab

for a⬍ ab

冊 冉 冊
3/2

exp ⫺

a
 ab

for a⬎ ab
共11兲

and exponentially decreasing in the dilute limit. The full expression for the dispersive vortex line tension is2
 l共 q 兲 ⬇

冋 冉
冉

1
 0 共 1⫺b 兲 2
 ln 2 2
2 2
2
K BZ  ab ⫹ 2  ab
q
⫹

共 1⫺b 兲
2
q 2  ab

ln 1⫹

2
q 2  em

1⫹q 2 u 2

冊册

,

冊

2
2 ⫺1/2
 em ⫽ ab 共 1⫺b⫹K BZ
 ab
⯝min兵  ab 共 1⫺b 兲 ⫺1/2,a 其
兲
共13兲

gives the length scale below which the nonlocality of the
electromagnetic contribution sets in. It turns out to be relevant only in the dilute regime a⬎ ab where  em ⬇ ab . u is
a typical displacement and the corresponding correction term
in Eq. 共12兲 is due to nonlinear elastic effects. Factors of (1
⫺b) in the expression 共12兲 for the line stiffness result from
extending the elastic theory for the FLL to higher magnetic
fields b⬎0.25 by replacing  ab by an effective magnetic
penetration depth

˜ ab ⫽ ab 共 1⫺b 兲 ⫺1/2

that takes into account a renormalization due to the large
normal cores of the vortices.2 This also led to the replacement of  0 by ˜ 0 ⫽ 0 (1⫺b) in Eq. 共12兲. Using Eqs. 共11兲
and 共12兲 in Eq. 共6兲 we obtain the above result 共10兲 for the
single-vortex length L 0 .
The dispersive behavior of the single vortex line deserves
some further attention. In the local limit 共for wave vectors
q⬍1/ em ) the stiffness becomes nondispersive and  l
2
2
⯝ 0 关  2 ⫹(1⫺b) em
/ ab
兴 ; the electromagnetic part dominates for all fields with a⬎ ab where the stiffness takes on
its isotropic value  l ⯝ 0 . In particular, the electromagnetic
part governs the behavior in the whole dilute limit a⬎ ab .
˜ ab ⫽(1⫺b) 1/2/ ab 兴 , the JoOn the smallest scales 关 q⬎1/
sephson contribution always dominates and we find an essentially nondispersive 共we neglect a small logarithmically
dispersive correction兲 but anisotropic stiffness  l ⯝ 0 (1
˜ ab the elec⫺b) 2 . On intermediate scales 1/ em ⬍q⬍1/
tromagnetic coupling dominates but it is reduced by dispersion until it is finally cut off by the Josephson contribution at
2
˜ ab . In this regime we find  l ⯝ 0 (1⫺b) 2 /q 2  ab
.
q⬇1/
As can be seen from Eq. 共10兲 the single-vortex length L 0
is always smaller than  ab (1⫺b) ⫺1/2 in the dense regime
a⬍ ab . This means that in the whole dense regime the electromagnetic coupling is completely suppressed by the dispersion because L 0 is small enough that all fluctuations with q
˜ ab are suppressed by the caging effect. Therefore, we
⬍
˜ ab only
need to consider large-scale fluctuations with q⬍
in the dilute limit where we can neglect factors of (1⫺b)
and set

共12兲

where  0 ⫽(⌽ 0 /4  ab ) 2 is the characteristic line energy of a
vortex, and  ab is the coherence length. The first term stems
from the Josephson coupling between the line elements and
is local whereas the second term originates from the electromagnetic interaction of line elements, and is thus strongly
nonlocal. The scale

共14兲

 em ⬇ ab .

共15兲

Finally, this leads us to the following simplified expressions
for the line stiffness which are justified if prefactors and
logarithmic corrections are not crucial and valid only for the
relevant fluctuations q⬍1/L 0 which are not suppressed by
the cage effect:
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冦 冦
a⬍ ab :

 l共 q 兲 ⯝

a⬎ ab :

 0 共 1⫺b 兲  2
0

for q⬍

0
2 2
q  ab

for

 0 2

for q⬎

1
 ab

1
1
⬍q⬍
 ab
 ab
1
.
 ab

共16兲

IV. SINGLE-VORTEX FLUCTUATIONS
AND ELECTROMAGNETIC COUPLING

As already pointed out we can use Eq. 共9兲 to calculate the
averages in the Lindemann criteria 共2兲–共5兲 by considering
single-vortex fluctuations up to the scale L 0 set by the vortex
interaction. As the simplified expression 共16兲 shows there are
no further complications from nonlocal couplings in the
dense regime a⬍ ab because the essentially nondispersive
Josephson coupling governs the behavior up to the scale L 0
in this regime.
This, however, changes if the dilute limit a⬎ ab is considered where competing effects of Josephson and electromagnetic coupling between vortex elements have to be taken
into account as Eq. 共16兲 shows. The effects for single-vortex
fluctuations due to temperature and quenched disorder are
discussed in detail elsewhere.41 For a self-contained discussion we will present here the main results.
Due to the competing nonlocal electromagnetic and local
Josephson coupling there is a window of wave vectors
1/ ab ⬍q⬍1/ ab in the dilute limit a⬎ ab where the line
stiffness is strongly dispersive with  l (q)⬀q ⫺2 , see Eq. 共16兲.
In the limit of a very weak Josephson coupling →0 the
dispersion of the electromagnetic contribution persists down
to the shortest length scale, which is then set by the layer
distance d. For the fluctuation behavior in the dilute limit the
largest possible wave vector showing q ⫺2 dispersion is important. In a layered material this is q d ⯝1/max兵d,ab其 and
we introduce a corresponding dispersion length scale
L d ⫽max兵 d, ab 其 ⫽ ab max兵  d , 其 ,

共17兲

where
 d⫽

d
 ab

共18兲

is an effective layered anisotropy of the material. For the
short-scale fluctuations it is important to distinguish between
two classes of superconductors depending on the strength of
the Josephson coupling or the size of . Superconductors
with a strong Josephson coupling ⬎ d have L d ⯝ ab ;
YBCO falls into this class and of course all low-T c materials
such as NbSe without layered structures. On the other hand,
superconductors with a weak Josephson coupling ⬍ d have
L d ⯝d. But it has to be noted that even if ⬍ d at T⫽0 the
Josephson coupling becomes strong above a temperature
t d ⫽1⫺ 共 / d 兲 2

共19兲

because  d ⬀(1⫺t), where t⫽T/T c is the reduced temperature. For typical parameters for BSCCO, ⬇1/200, d
⬇15 Å,  ab ⬇2000 Å, and T c ⬇100 K one finds that
BSCCO has a weak Josephson coupling at low temperatures
but the Josephson coupling becomes strong above T d
⬇36 K.
Considering only fluctuations with wave vectors 1/ ab
⬍q⬍q d one can show that due to the predominantly electromagnetic coupling each vortex segment of length  ab effectively decouples into small segments of length L d that
fluctuate independently in a harmonic potential.42 Therefore,
the vortex line becomes very soft with respect to fluctuations
on the short scale L d . This holds for thermal fluctuations as
well as for fluctuations due to pinning. In particular, this
leads both for thermal and for fluctuations from quenched
point disorder to a breakdown of scaling in the displacement
correlations. For L⬎L d displacements 具 ⌬u 2 (L) 典 T or
具 ⌬u 2 (L) 典 essentially do not grow over a certain regime of
length scales 共neglecting eventual weak logarithmic corrections兲. Furthermore, on scales L⬎ ab , 具 ⌬u 2 (L) 典 T or
具 ⌬u 2 (L) 典 can be calculated in the conventional way using
the isotropic stiffness  l (q)⯝ 0 but short-scale contributions
具 ⌬u 2 (L d ) 典 T and 具 ⌬u 2 (L d ) 典 have to be taken explicitly into
account. Specifically, we find for L⫽L 0 共the following equation holds analogously for thermal averages 具 ••• 典 T )

具 ⌬u 2 共 L 0 兲 典
⯝

再

具 ⌬u 2 共 L 0 兲 典 

for d⬍L 0 ⬍ ab

具 ⌬u 2 共 L d 兲 典

for L d ⬍L 0 ⬍ ab

共20兲

具 ⌬u 共 L 0 兲 典 i ⫹ 具 ⌬u 共 L d 兲 典 for L 0 ⬎ ab ,
2

2

where the subscript ‘‘’’ implies that only large wave vectors
q⬎ ab are integrated over and thus the average is performed using the anisotropic stiffness  l (q)⯝ 0  2 and
analogously the subscript ‘‘i’’ implies that only small wave
vectors q⬍ ab are integrated over and thus the average is
performed using the local limit of Eq. 共16兲 where the stiffness is isotropic  l ⯝ 0 .
According to the Lindemann criteria 共2兲–共5兲 in conjunction with Eq. 共9兲 the vortex phase diagram is determined by
the displacement fluctuations of a single-vortex on scales L
⬍L 0 . From Eq. 共20兲, the structure of the phase diagram with
regard to the dominant scale of these single-vortex fluctuations becomes clear, see Fig. 2. In the dense regime a⬍ ab
the essentially nondispersive anisotropic Josephson part of
 l (q) is always dominating. Then the largest scale L 0 in the
cage model is the dominant scale of fluctuations as in the
first line of Eq. 共20兲 but we have to include possible highfield corrections and use  l (q)⯝ 0 (1⫺b) 2 in the dense
limit. Evaluation of the Lindemann criteria will show that
this produces the upper branches of both the melting and the
amorphization transition line in the regime a⬍ ab of the
B-T plane, see Fig. 2.
In the dilute limit a⬎ ab the situation becomes more
complicated because L 0 grows exponentially with a, see Eq.
共10兲, and thus L 0 ⬎ ab essentially in the whole dilute limit.
Then effects from the nonlocal electromagnetic coupling be-
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FIG. 2. Schematic diagrams in the b-t plane 共the dilute regime is enlarged兲 showing the dominant scales for displacement fluctuations of
a single-vortex of length L 0 . For YBCO and NbSe fluctuations on the largest scale L 0 dominate in the dense regime and determine the upper
branches of the melting and order-disorder transition lines. BSCCO exhibits quasi-2D behavior in large parts of the dense regime. Fluctuations on the exponentially large scale L 0 also determine the lower branches of transition lines deep in the dilute regime for YBCO, NbSe,
and BSCCO. The continuation of the upper branches of the transition lines into the dilute regime, however, is determined by fluctuations on
the scale L d ; for YBCO and NbSe L d ⫽ ab whereas for BSCCO L d ⫽d at low temperatures.

come relevant and according to Eq. 共20兲 fluctuations from
two scales—L 0 and L d ⫽max兵d,ab其—are dominant. Evaluation of the Lindemann criteria shows that fluctuations on the
scale L d give the continuation of the upper branch of both
the melting and the amorphization transition line into the
dilute regime whereas fluctuations on the exponentially large
scale L 0 give the lower branches of both transition lines, see
Fig. 2. Thus the nonlocal electromagnetic coupling is responsible for the typical phase diagrams with reentrant liquid or
amorphous vortex phases that we will find, see Figs. 3, 6,
and 7. Experimentally, lower branches of neither the melting
nor the order-disorder transition line could be observed so far
in the dilute regime. Therefore we will focus on the upper
branches throughout this paper. Given the results in Ref. 41,
a calculation of the lower branches is in principle straightforward but actually very involved as the full fluctuation
behavior including the interplay of thermal and quenched
fluctuations over all length scales is very diverse.

As the previous discussion showed, in order to calculate
the upper branches of the transition lines, we only need to
consider single-vortex fluctuations with the nondispersive
anisotropic stiffness  l (q)⯝ 0 (1⫺b) 2 from the Josephson
coupling as long as we have strong Josephson coupling with
L d ⫽ ab as for YBCO and NbSe. Only for the upper branch
of the transition lines in the dilute limit for BSCCO with a
weak Josephson coupling dispersion becomes crucial, and
we have to take into account fluctuations on the scale of the
layer spacing L d ⫽d. This means we have to consider fluctuations of a single pancake vortex relative to its neighbors
in adjacent layers.
Quasi-2D behavior of the vortex lattices becomes relevant
for melting processes as soon as L 0 ⬍d when the tilt energy
can be neglected against the shear energy on the scale of one
layer spacing d. The crossover condition L 0 ⬍d is fulfilled
for b⬎b 2D above the 2D crossover field

FIG. 3. Schematic phase diagrams for thermal
melting of the vortex solid 共VS兲 into a vortex
liquid 共VL兲 in the absence of quenched disorder
for NbSe, YBCO, and BSCCO. For BSCCO
above the crossover field b 2D there is a decoupling into a 2D VS prior to melting. 共The dilute
regime is enlarged, the reentrance at very low
fields is shown for completeness but not discussed in the text.兲
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b 2D ⯝

2

2

max

再

2

冎

共 1⫺b 兲 ⫺1 ,1 ,
2

d

共21兲

where we used Eq. 共10兲 and neglected a logarithmic
correction.1  ⫽ ab /  ab is the Ginsburg-Landau parameter.
For a strong Josephson coupling ⬎ d the crossover field is
in the dense regime and has a temperature dependence
b 2D (1⫺b 2D )⬀(1⫺t) ⫺1 . From Eq. 共10兲 one derives that for
⬎d/5 ab we always have L 0 ⬎d and there is no crossover
to quasi-2D behavior. This condition is actually fulfilled for
YBCO with typical parameters ⬇1/5, d⬇12 Å, and  ab
⬇15 Å. Therefore we will exclude the possibility of 2D behavior for YBCO in our subsequent discussions of melting
and order-disorder transitions. For a weak Josephson coupling ⬍ d the 2D crossover field is approximately equal to
共actually slightly below兲 the field b⫽2  /  2 at which a
⫽ ab , i.e., the boundary between the dilute and dense regime. This means for a weak Josephson coupling, e.g., in
BSCCO below T d ⬇36 K, the vortex lattice melting shows
quasi-2D behavior in the whole dense limit. It is expected
that as soon as the melting or the amorphization transition
line intersects the line b 2D (t) the character of the melting or
amorphization process changes from 3D linelike to quasi-2D
and decoupling of the FLL happens prior to the melting,
which is then a 2D melting transition.
However, it has been a long-standing question7 whether
already the dominance of fluctuations on the scale L d ⫽d
given by the layer spacing 共for weak Josephson coupling,
e.g., in BSCCO兲 in the dilute regime leads to a qualitatively
different melting transition. Because these decoupling
quasi-2D fluctuations dominate the mean-square displacements in the Lindemann criterion for melting one can argue
that melting and decoupling happen in a single transition or,
in other words, that the FLL melts or becomes amorphous by
decoupling. The argument against this point of view is that
L 0 ⬎d still holds and pancake vortex lattices in different layers are interacting logarithmically.42 For the thermal melting
transition it has been convincingly demonstrated in Ref. 43
that even in the absence of a Josephson coupling ⫽0 there
is still a 3D lattice melting at low magnetic fields B⬍B 2D .
However, this subtle issue is beyond the scope of the Lindemann criteria employed in this paper. For the case of the
amorphization transition in the presence of disorder the
analogous question is still unanswered.
A two-dimensional BrG phase has been shown to be always unstable with respect to dislocation formation in the
presence of disorder44 such that the decoupling transition
leads directly to a 2D amorphous VG if amorphization does
not happen prior to decoupling. At this point it should also
noted that a Lindemann-like criterion analogous to Eq. 共4兲
would give the incorrect result regarding the instability of the
2D BrG phase as it would predict the existence of an amorphization transition and thus of a quasiordered 2D BrG phase
below a critical disorder strength.
Figure 2 summarizes the findings of this section regarding
the relevant length scales for the fluctuations causing melting
or amorphization for the three exemplary materials we want
to study in this paper. YBCO has a strong Josephson cou-

pling and L d ⫽ ab , BSCCO a weak Josephson coupling
and thus L d ⫽d for temperatures T⬍T d , and in the low-T c
material NbSe there is no layered structure at all 共formally
corresponding to  d ⬇0) and L d ⫽ ab .
V. THERMAL MELTING

First we want to briefly recapitulate the calculation of
thermal melting curves in the absence of disorder according
to the Lindemann criterion 共2兲 or the equivalent criterion

具 ⌬u 2 共 L 0 兲 典 T ⫽c L2 a 2

共22兲

formulated in terms of displacement fluctuations of a singlevortex on scales L⬍L 0 using Eq. 共9兲, to which we apply our
results of the preceding section for the length scales of the
relevant fluctuations causing melting. For thermal melting
we will reproduce the well-known results of Ref. 6 for anisotropic materials and Ref. 7 for strongly layered materials.
We rederive these results as part of the complete phase diagram and to demonstrate the simplicity and correctness of
the present approach. The results are summarized in Fig. 3
for NbSe, YBCO, and BSCCO.
A. YBCO and NbSe

YBCO and NbSe are both anisotropic type-II superconductors and have qualitatively similar melting curves as long
as the layered structure of YBCO can be neglected. Fluctuations are larger in the high-T c material YBCO due to the
increased transition temperatures (T c ⬇90 K for YBCO and
T c ⬇6 K for NbSe兲 and lower coherence lengths (  ab
⬇20 Å in YBCO and  ab ⬇100 Å in NbSe兲 which lead to a
Ginsburg number1
Gi⫽

冉

Tc
1
8  0  ab

冊

2

共23兲

which is Gi⬇1.5⫻10⫺2 for YBCO but much smaller Gi
⬇1.7⫻10⫺6 in NbSe. Therefore, the vortex lattice melting in
the low-T c material NbSe takes place only at high fields in
the vicinity of H c2 , see Fig. 3.
As pointed out in Sec. IV, the Josephson coupling dominates throughout the dense regime a⬍ ab and thus we use
the anisotropic line stiffness  l (1/L 0 )⯝ 0 (1⫺b) 2 and L 0
⯝a(1⫺b) ⫺1/2 from Eq. 共10兲 to obtain

具 ⌬u 2 共 L 0 兲 典 T ⯝

冉 冊

b
TL 0
⯝a 2
l
2

1/2

共 1⫺b 兲 ⫺3/2

T
.
 0  ab

共24兲

With the Lindemann criterion 共22兲 this gives for the upper
branch b m (t) of the melting line the well-known result6,1
bm
共 1⫺b m 兲

3

⯝

 4 ⫺1
c Gi 共 1⫺t 兲 t ⫺2 .
4 L

共25兲

For bⰆ1 the factors 1⫺b can be neglected and b m ⬀(1
⫺t)t ⫺2 or B m ⬀(1⫺t) 2 t ⫺2 . Close to the upper critical field
for 1⫺bⰆ1, this yields
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1⫺b m ⯝

冉冊

4

⫺1/3

c L⫺4/3Gi1/3共 1⫺t 兲 ⫺1/3t 2/3.

If the upper branch of the melting line is continued into
the dilute limit a⬎ ab fluctuations on the scale L d dominate
the expectation value in the Lindemann criterion 共22兲,
具 ⌬u 2 (L 0 ) 典 T ⯝ 具 ⌬u 2 (L d ) 典 T . YBCO and NbSe have a strong
Josephson coupling and thus L d ⫽ ab . On the scale  ab ,
we use again the anisotropic line stiffness  l (1/ ab )
⯝ 0  2 and get

具 ⌬u 2 共  ab 兲 典 T ⯝

b
T
T ab
⯝a 2

.
l
2   0  ab

具 ⌬u 2 共 d 兲 典 T ⯝

共26兲

共27兲



冑2

c L2  ⫺1 Gi⫺1/2共 1⫺t 兲 1/2t ⫺1

共28兲

or B m ⬀(1⫺t) 3/2t ⫺1 . 7
B. BSCCO

The strongly layered BSCCO has a weak Josephson coupling at temperatures below T d ⬇36 K. The upper branch of
the melting line should intersect the 2D crossover line b 2D (t)
around the 2D melting temperature of a superconducting
2D
⬇d 0 /70. 1 Taking again d⬇15 Å and  ab
layer T m
2D
⬇2000 Å as typical parameters for BSCCO, one finds T m
⬇10 K which is well below T d . This means that at the tem2D
the 2D crossover line is at the boundary to the
perature T m
dense regime, see Eq. 共21兲, such that the upper branch of the
3D melting line lies entirely in the dilute regime, see Fig. 3.
In the case of a weak Josephson coupling at T⫽0 another
phase diagram for the 3D thermal melting is possible if d and
2D
⬎T d . In this case the upper branch of the
 are such that T m
melting line will enter the dense regime before the melting
transition turns into 2D melting, and the phase diagram looks
qualitatively similar to that of YBCO. But for clarity of presentation we will limit the discussion here to the situation
2D
⬍T d that arises for a realistic choice of parameters for
Tm
the BSCCO material.
In the dilute regime, BSCCO exhibits a behavior distinct
from YBCO or NbSe due to its weak Josephson coupling or
L d ⫽d. At the upper branch of the melting line fluctuations
on the scale of the layer spacing L d ⫽d dominate the meansquare displacement in Eq. 共22兲 due to the nonlocal electromagnetic coupling as discussed in Sec. IV, i.e., 具 ⌬u 2 (L 0 ) 典 T
⯝ 具 ⌬u 2 (d) 典 T . To calculate 具 ⌬u 2 (d) 典 T on the scale of the
layer distance, the fluctuations of single pancakes have to be
considered. This can be done in much more microscopic detail 共see for example Ref. 42兲 but for our purposes we can
consider a single pancake coupled to the pancakes in adjacent layers by a harmonic potential  l (1/d)⌬u 2 /d, and use
 l (1/d)⯝ 0  2d from Eq. 共16兲 共where we neglected logarithmic corrections42 in u). We obtain

共29兲

and the Lindemann criterion gives the upper branch b m (t) of
the melting line for BSCCO in the dilute limit as
⫺1
b m 共 t 兲 ⯝ 冑2  c L2  ⫺2 Gi2D
共 1⫺t 兲 t ⫺1

共30兲

or B m (t)⬀(1⫺t) 2 t ⫺1 , 7 where we used the 2D Ginsburg
2D 1
. For BSCCO
number Gi2D ⫽2Gi1/2 ⫺1 / d ⬇T c /100T m
with T c ⬇100 K the 2D Ginsburg number is Gi2D ⬇0.096.
For low temperatures tⰆ1, we can rewrite Eq. 共30兲 to get
the melting temperature as function of field b,
2D
70c L2
T m 共 b 兲 ⯝T m

Thus the Lindemann criterion gives the upper branch b m (t)
of the melting line in the dilute limit as
b m⯝

b2 T
Td
⯝a 2
 l 共 1/d 兲
2   0d

2
b2

共31兲

showing that the transition approaches indeed the 2D melting
transition of a layer upon intersecting b 2D ⬇2  /  2 共if we
choose c L ⬇1/冑70), see Fig. 3.
2D
the 3D vortex solid first underFor temperatures T⬍T m
goes a decoupling transition at a field b dc into a 2D vortex
2D
. If this
solid which undergoes a 2D melting transition at T m
decoupling transition is also described by a Lindemann criterion of the form

具 ⌬u 2 共 0,d 兲 典 T ⫽c L2 a 2

共32兲

as suggested in Refs. 7 and 48, we will get the same formulas 共30兲 and 共31兲 for the decoupling transition line b dc (t) or
alternatively T dc (b), which is thus the continuation of the
3D melting line into the 2D regime, see Fig. 3.
VI. PINNING OF SINGLE VORTICES

Before addressing the BrG stability boundaries by using
the Lindemann criterion 共4兲 we want to discuss different pinning regimes depending on the strength of the frozen disorder. We consider a single elastic vortex line with stiffness
 l (q) in a quenched disorder potential V(z,u) with a Gaussian distribution, zero mean, and short-range correlations in
all directions,
4
V 共 z,u兲 V 共 z ⬘ ,u⬘ 兲 ⫽ ␥  ab
␦ 共 z⫺z ⬘ 兲 ⌬  ab 共 u⫺u⬘ 兲 .

共33兲

The parameter ␥ gives the strength of the quenched disorder
and is temperature dependent.1 This temperature dependence
due to the microscopic pinning mechanism will be discussed
further below. Usually, we consider point disorder correlations of a short range  ab given by the size of the vortex
cores with and an integrable disorder correlator ⌬  ab (u) that
we normalize such that 兰 d 2 u⌬  ab (u)⫽1. Then we can approximate ⌬  ab (u)⬇ ␦  ab (u) by a ␦ function of range  ab .
For single-vortex pinning, however, the correlation function
⌬  ab (u) can be weakly 共logarithmically兲 nonintegrable. This
will only affect the thermal depinning behavior.45
A convenient pinning strength parameter ␦ 共see Ref. 1兲 is
defined by the ratio of the mean-square pinning energy
2
 c for a small line element of length L⯝  c
E 2pin (  c )⯝ ␥  ab
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and with typical displacement u⯝  ab and the square of the
2
/  c ⯝ 0  c ,
corresponding tilt energy E tilt (  c )⯝ 0  2  ab

␦


⫽

2
␥  ab
c

共  0 c 兲2

共34兲

.

It should be noted that this expression has no correction factors (1⫺b) at high fields because ␥ ⬀ f 2pin ⬀ 20 , where f pin is
the pinning force exerted by a single point defect;1,31 there˜ 0 ⫽ 0 (1⫺b)
fore corrections due to the replacement  0 →
in Eq. 共34兲 cancel.
In a layered material one can consider the analogous energies for a segment of length L⯝d, i.e., the mean-square
pinning energy E 2pin (d)⯝U 2p with the pancake pinning energy
2
d 兲 1/2
U p ⫽ 共 ␥  ab

共35兲

and the square of the corresponding tilt energy E tilt (d)
2
2
/d⯝ 0 ( 2 ⫹ 2d )  ab
/d, see Eq. 共16兲. Using this
⯝ l (1/d)  ab
we define an analogous layered pinning strength parameter
␦ d as

␦ d⫽

U 2p
2
/d 兴 2
关  0 共  2 ⫹ 2d 兲  ab

.

共36兲

From the definitions 共34兲 and 共36兲 it is clear that collective
pinning theory applies to weak pinning ␦ /Ⰶ1 and ␦ d Ⰶ1.
Whereas the former condition is usually fulfilled both in lowT c materials such as NbSe and anisotropic HTSC’s such as
YBCO, the latter condition is violated in layered HTSC’s
with strong disorder, e.g., in BSCCO. We will call pinning
with ␦ d ⬎1 strong pinning. Experimental estimates for the
pinning strength can be obtained from measurements of the
共single-vortex兲 critical current j c using the relation j c
⯝ j 0 ( ␦ /) 2/3, where j 0 ⯝c 0 /  ab ⌽ 0 is the depairing
current.1 Due to their larger anisotropy and the intrinsic doping typical values for the pinning parameter ␦ / are usually
higher in the high-T c materials YBCO and BSCCO.
Throughout this paper we assume values ␦ /⬇10⫺2 for
YBCO 共corresponding to j c ⬇107 A cm⫺2 ) and much
smaller values ␦ /⬇10⫺9 for the low-T c material NbSe
共corresponding to j c / j 0 ⬃10⫺6 , see Ref. 47兲, both well in the
weak pinning regime. For BSCCO we find indeed strong
pinning ␦ d ⬇104 Ⰷ1 using an estimate U p ⬇10 K 共these values correspond to ␦ /⬇0.03).
There are two basic microscopic pinning mechanisms, ␦ l
pinning from variations in the mean free path and ␦ T c pinning from variations in T c , which give rise to a different
temperature dependence of ␦ /. Without going into details
here it is found1,31 that

␦ ⬀ 共 1⫺t 兲 3/2 共 ␦ l pinning兲 ,
␦ ⬀ 共 1⫺t 兲 ⫺1/2

共 ␦ T c pinning兲 .

共37兲
共38兲

Whereas for high-T c materials 共YBCO, BSCCO兲 the thermal
smearing of the pinning energy landscape above the depinning temperature T dp is much more important because it sets

in at much lower temperatures (T dp ⰆT c ), the temperature
dependence through the microscopic parameters of ␦ plays
an important role in low-T c materials 共NbSe兲 where the depinning temperature essentially coincides with T c .
A. Weak collective pinning

Within weak collective pinning theory the central crossover length for a single-vortex is the collective pinning or
Larkin length L c which is defined as the length scale at
2
which 具 ⌬u(L c ) 典 2 ⫽  ab
at low temperatures. On smaller
scales perturbation theory applies and the disorder potential
can be expanded into random forces 共RF兲. In this regime the
roughness exponent is  RF ⫽3/2, i.e., 具 ⌬u(L) 典 2 ⬀L 3 . Segments longer than L c , on the other hand, explore many almost degenerate minima of the pinning energy landscape. In
this so-called random manifold 共RM兲 regime we use the estimate  RM ⬇5/8 for the roughness exponent.49,50 Note that
slightly different estimates for  RM have been used in previous Lindemann analysis; different estimates are discussed
theoretically in Ref. 50. References 26 and 27 implicitly use
 RM ⬇1/2 共from a variational replica approach兲, Refs. 28, 29,
31, and 32 use  RM ⬇3/5, and Refs. 25 and 30 use  RM
⬇5/8 which gives practically identical results to  RM ⬇3/5.
As pointed out in Sec. IV we only need to consider singlevortex fluctuations with the nondispersive anisotropic Josephson stiffness and fluctuations of single pancakes on the
scale d if we are only interested in the upper branch of the
order-disorder transition between BrG and amorphous VG
phase.
For pinned single vortex lines with the anisotropic Josephson stiffness we have at low temperatures the usual anisotropic collective pinning length1
L c ⯝  ab

冉冊
␦

⫺1/3

共39兲



which has no correction factors (1⫺b) at high fields exactly
like ␦ /. The displacement fluctuations are given by

冉 冊
冉 冊

2
具 ⌬u 共 L 兲 典 2 ⯝  ab

2
具 ⌬u 共 L 兲 典 2 ⯝  ab

L
Lc

L
Lc

3

for L⬍L c ,

共40兲

for L⬎L c .

共41兲

5/4

There are two important crossovers upon increasing the disorder strength, the crossover from bundle pinning to singlevortex pinning1 if L c decreases below the single-vortex
length L 0 set by the interaction between vortices and the
crossover from weak collective to strong pinning if L c drops
below the layer spacing d and we have to consider the strong
pinning of individual pancake vortices.41
At higher temperatures the disorder gets effectively weakened by thermal fluctuations within the pinning energy land2
. This happens at the anscape as soon as 具 ⌬u 2 (L c ) 典 T ⫽  ab
isotropic depinning temperature

024501-11

PHYSICAL REVIEW B 69, 024501 共2004兲

JAN KIERFELD AND VALERII VINOKUR

T dp ⯝ 0  ab

冉冊
␦

1/3

共42兲



above which an exponential increase of the pinning length
sets in1,45
L c 共 T 兲 ⯝L c

T dp C(T/T ) ␣
dp
e
T

共43兲

with a numerical factor C and an exponent ␣ . For point
disorder with an integrable disorder correlation function
⌬  ab (u) one finds ␣ ⫽3, 1,45 and the numerical factor C
⫽32/ has been determined in Ref. 46. For a weakly nonintegrable function ⌬  ab (u), however, as in the case of
single-vortex pinning it has been shown in Ref. 45 that the
exponential growth of the pinning length due to thermal
smearing is slightly modified in the temperature range T dp
⬍T⬍T dp ln  where an exponent ␣ ⫽1 is found whereas the
precise value of C is unknown. The exponent ␣ ⫽3 as for an
integrable disorder correlator only holds above the temperature T dp ln. The displacement fluctuations for L⬎L c (T) become

冉

2
1⫹
具 ⌬u 共 L 兲 典 2 ⯝  ab

T L c共 T 兲
T dp L c 共 0 兲

冊冉 冊
L
L c共 T 兲

5/4

.

共44兲

Note that thermal depinning plays no role in low-T c materials where  0  ab ⬃1000 K at T⫽0, and the depinning temperature practically coincides with T c if the temperature dependence of the microscopic parameters  ab and  ab is taken
into account and T dp is calculated self-consistently from Eq.
共42兲.
B. Single vortex versus bundle pinning

For L 0 ⬍L c pinned vortices on the scale of the pinning
length are already interacting and the collectively pinned objects are vortex bundles rather than single vortices.1 The regime L 0 ⬍L c is called bundle pinning regime. For our purposes bundle pinning simply means that on the scale of the
single-vortex length, single-vortex displacements are still
treated correctly by the perturbative RF regime 共40兲. On the
other hand, for L 0 ⬎L c the pinned objects on the scale of the
pinning length are single-vortex lines rather than bundles.
The regime L 0 ⬎L c is therefore called single-vortex pinning
regime. In this regime the RF regime does no longer apply
on the single-vortex scale L 0 but we rather have to apply the
findings 共41兲 for the RM regime. For the following discussion of different materials it is crucial to know the singlevortex pinning field b s v where the crossover between singlevortex and bundle pinning happens within the pinning
diagram in the b-␦ plane. For our purposes, we can focus the
discussion on the dense regime a⬍ ab , in the dilute regime
single-vortex pinning is dominant because interactions become exponentially weak. At T⫽0 the condition L 0 ⫽L c for
b s v gives
b s v 共 1⫺b s v 兲 ⯝2 

冉冊
␦



2/3

共45兲

FIG. 4. Schematic pinning diagram in the b-␦ plane showing the
single-vortex pinning field b s v at low temperatures 共the dilute regime is enlarged兲. Due to their larger anisotropy typical values for
the pinning parameter ␦ / are usually higher in the high-T c materials YBCO and BSCCO and lie in the single-vortex pinning regime
共right hatched region兲. They are lower in the low-T c materials such
as NbSe and lie typically in the bundle pinning regime 共left hatched
region兲. The line b t ( ␦ ) shows the amorphization transition line in
the dense regime as described by Eq. 共59兲 for bundle pinning and
Eq. 共61兲 for single-vortex pinning. For very weak pinning ␦ /
⬍c L3 as in NbSe this line is in the bulk pinning regime, for stronger
disorder as in YBCO and BSCCO it lies in the single-vortex regime.

using Eqs. 共10兲 and 共39兲. This equation produces two
branches for the single-vortex pinning field b s v . For bⰆ1,
where the factor (1⫺b) can be neglected in Eq. 共45兲, we find
for the lower branch b ls v ⬀( ␦ /) 2/3 and close to the upper
critical field 1⫺bⰆ1, where the factor b can be neglected in
Eq. 共45兲, an upper branch 1⫺b us v ⬀( ␦ /) 2/3, see Fig. 4. For
␦ /⬍  ⫺3 the lower branch enters the dilute regime a⬎ ab
where b ls v ⬀  ⫺2 ln⫺2(⫺1␦⫺1/3); this is the generic situation
for NbSe. For ␦ /⬎(8  ) ⫺3/2⬇0.008 there is only singlevortex pinning; typical disorder strengths for YBCO and
BSCCO have similar values.
Values for the pinning parameter ␦ / are higher in the
high-T c materials YBCO and BSCCO and the amorphization
transition line at T⫽0 will lie in the single-vortex pinning
regime whereas they are much lower in the rather isotropic
low-T c materials such as NbSe where the amorphization
transition line typically starts out in the bundle pinning regime at T⫽0, see Fig. 4. For low-T c materials the lower
branch of the single-vortex pinning boundary b ls v is usually
in the dilute regime a⬎ ab due to the small disorder strength
whereas in the high-T c materials it is in the dense regime a
⬍ ab . This is the experimental situation that we will assume
throughout the following discussion of the different materials
and that is sketched in Fig. 4.
The temperature dependence of the lines b s v is rather different depending on whether the depinning temperature T dp
is much smaller then the critical temperature T c as in the
high-T c materials YBCO and BSCCO or whether it practically coincides with T c as in the low-T c superconductor
NbSe, see Fig. 5. Therefore the thermal weakening of disorder above the depinning temperature, which gives an exponential increase of the pinning length, is the dominant effect
for high-T c superconductors. The temperature dependence

024501-12

PHYSICAL REVIEW B 69, 024501 共2004兲

LINDEMANN CRITERION AND VORTEX LATTICE . . .

FIG. 5. Schematic pinning diagram in the b-t
plane showing the temperature dependence of the
single-vortex pinning field b s v for ␦ l pinning
共solid lines兲 and ␦ T c pinning 共dashed lines兲. For
the high-T c materials YBCO and BSCCO thermal smoothing above the depinning temperature
T d p governs the temperature dependence of b s v .
For the low-T c material NbSe the temperature dependence of the pinning parameter ␦ (t) itself
关Eqs. 共37兲 and 共38兲兴 is most relevant.

through the microscopic parameters 共37兲 or 共38兲 can be neglected for these materials as long as T dp /T c is small. In this
situation we have to use the condition L 0 ⫽L c (T) with L c (T)
from Eq. 共43兲 above the depinning temperature T dp . This
gives in the dense regime
b s v 共 1⫺b s v 兲 ⯝2 

冉冊 冉 冊
␦



2/3

T dp
T

2

e ⫺2C(T/T dp )

␣

共46兲

from which we derive an exponentially decreasing lower
branch b ls v (T)⫽b ls v (0)(T dp /T) 2 exp关⫺2C(T/Tdp)␣兴 关by
neglecting factors of (1⫺b) in Eq. 共46兲兴 and an exponentially increasing upper branch 1⫺b us v (T)⫽ 关 1⫺b us v (0) 兴
⫻(T dp /T) 2 exp关⫺2C(T/Tdp)␣兴 关by neglecting factors of b in
Eq. 共46兲兴 as shown in Fig. 5. At temperatures slightly above
T dp the lower branch enters the dilute regime a⬎ ab . Note
that for high-T c materials b ls v (T) typically starts out in the
dense regime for T⫽0. The thermal weakening of disorder
above T dp has been neglected in Ref. 32 although high-T c
materials with potentially rather low T dp have been considered.
On the other hand, T dp /T c is no longer small for the lowT c superconductors where T dp /T c ⬇1, and in these materials
the temperature dependence of the pinning length comes exclusively through the temperature dependence of the pinning
strength 共37兲 or 共38兲. Using this in Eq. 共45兲 we find b ls v (t)
⬀(1⫺t) and 1⫺b ls v (t)⬀(1⫺t) for ␦ l pinning and b ls v (t)
⬀(1⫺t) ⫺1/3 and 1⫺b ls v (t)⬀(1⫺t) ⫺1/3 for ␦ T c pinning in
the dense regime. If b ls v (T) starts out in the dilute regime for
T⫽0 the lower branch for ␦ l pinning is b ls v (T)
⬀  ⫺2 ln⫺2关⫺1␦⫺1/3(1⫺t) ⫺1/2兴 and stays in the dilute regime, see Fig. 5. For ␦ T c pinning the lower branch will enter
into the dense regime at a temperature 1⫺t⯝( ␦ /) 2  6 in
this case, see Fig. 5. Note that these results are very different
from what has been obtained in Ref. 31 where factors (1
⫺b) in the expression for L 0 have been neglected.
C. Pinning of pancake vortices

On the smallest scale in a layered superconductor L⫽d
we can no longer discuss fluctuations of vortex lines. Then
we have to consider the relative displacements u⬅⌬u(d)
between single pancake segments of the vortex line in two
neighboring layers and discuss the pinning of single pancake
vortices.28,41,51,52 For large disorder strength and weak Josephson coupling as it occurs typically in BSCCO, it is possible that ␦ d ⬎1, which is equivalent to L c ⬍d as becomes
clear from the definition 共36兲 of ␦ d . In this case the pinning

of pancake vortices becomes particularly interesting because
we cross over to a regime where pinning is no longer a small
perturbation but we have strong pinning of pointlike pancake
vortices. To calculate 具 ⌬u 2 (d) 典 T on the scale of the layer
distance, we consider as in Sec. V B a single pancake with
displacement u coupled to the pancakes in adjacent layers by
a harmonic potential  l (1/d)u 2 /d, but with an additional pinning potential V d (u)⫽dV(0,u).
Using an Imry-Ma argument28,41,51,52 one can estimate
具 u 典 2 for strong pinning ( ␦ d ⬎1) at low temperatures as fol2
lows. A vortex with displacement u can explore N⫽u 2 /  ab
pinning sites with statistically independent disorder configurations. Doing so it can gain a pinning energy E pin (u)
⯝⫺U p ln1/2(u 2 /  2 ) that can be determined from the condiE pin (u)
dE p(E)⬃1. In the Imry-Ma argument the totion N兰 ⫺⬁
tal energy E(u)⫽E pin (u)⫹(1/d) l (1/d)u 2 is minimized.
The optimal disorder-induced displacement fluctuation u in
the ground state is
u 2⯝

冉冊

u2
dU p
ln⫺1/2 2 .
 l 共 1/d 兲


共47兲

Solving the last equation iteratively yields
2 1/2 ⫺1/2 1/2
␦ d ln 共 ␦ d 兲 .
具 u 典 2 ⯝  ab

共48兲

The corresponding ground-state energy E 0 ⯝E pin (u) is
E 0 ⯝⫺U p ln1/2共 ␦ 1/2
d 兲

共49兲

whereas the typical elastic energy sets an energy scale U *
⯝(1/d) l (1/d)u 2 ,
U * ⯝U p ln⫺1/2共 ␦ 1/2
d 兲,

共50兲

which is the typical size of elastic energy barriers between
different metastable states.
Equation 共48兲 is a nonperturbative result which holds for
2
, which is exactly the condition ␦ d ⬎1 for strong
具 u 典 2 ⬎  ab
pinning. Otherwise perturbation theory applies and one finds
2
␦d ,
具 u 典 2 RF ⯝  ab

共51兲

which is the perturbative RF result for weakly pinned pancake vortices.
Thermal fluctuations weaken the pinning and lead to thermal depinning of pinned pancakes. The characteristic depinning temperatures, however, are different for the cases of
strong pinning ( ␦ d ⬎1) and weak pinning ( ␦ d ⬍1). For
strong pinning the relevant depinning temperature is set by
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the typical barrier height U * , and the depinning happens
in the temperature interval U * ⬍T⬍ 兩 E 0 兩 . 41,52 For weak
pinning the pancake depinning temperature T dp,d is deter2
which
mined in the usual way by the condition 具 u 2 典 T ⯝  ab
gives
2
/d⫽U p ␦ ⫺1/2
.
T dp,d ⯝ l 共 1/d 兲  ab
d

共52兲

For weak pinning the resulting thermally weakened displacements are41

冉

2
␦ d 1⫹
具 u 典 2 RF ⬇  ab

T
T dp,d

冊

⫺2

共53兲

.

For strong pinning the result 共48兲 is valid up to a temperature
T⯝U * at which the thermal energy becomes sufficient to
overcome barriers between minima of the pinning energy
landscape. Therefore U * is the depinning temperature for
strongly pinned pancake vortices. For U * ⬍T⬍ 兩 E 0 兩 there is
a crossover region where a modified random force result applies that decreases exponentially with increasing temperature before it crosses over to the thermally weakened random
force result 共53兲:41

具u典

2

RF ⯝

冦

2
 ab
␦d

冉 冊 冉 冊
1⫹

T

⫺2

exp ⫺2

U*

T

U*

共54兲

for U * ⬍T⬍ 兩 E 0 兩
2
 ab
␦d

冉 冊
T dp,d
T

of the order-disorder transition can be written as

具 ⌬u 共 L 0 兲 典 2 ⫽c L2 a 2 ,

where we used Eq. 共9兲. As for thermal fluctuations we only
need to consider displacement fluctuations of single vortices
on scales L⬍L 0 using the results for pinned single vortices
introduced in the preceding section. In this section we want
to consider the case T⫽0 and study the order-disorder or
amorphization transition line b t ( ␦ ) as function of the pinning
strength only. The resulting phase diagrams in the b-␦ plane
are shown in Fig. 6 for NbSe, YBCO, and BSCCO.
A. NbSe, YBCO

At T⫽0 the anisotropic type-II superconductors YBCO
and NbSe have essentially identical phase diagrams in the
b-␦ plane if pinning is weak enough that a vortex is collectively pinned over distances L c ⬎d and the layered structure
of YBCO can be neglected.
For weak pinning in the dense regime a⬍ ab we use the
weak collective pinning theory and the anisotropic stiffness
from the Josephson coupling, i.e., Eq. 共40兲 for bundle pinning or Eq. 共41兲 for single-vortex pinning to evaluate the
left-hand side 共lhs兲 具 ⌬u(L 0 ) 典 2 of the above Lindemann criterion. For very weak pinning the transition line will be in
the bundle pinning regime where we use L 0 ⯝a(1⫺b) ⫺1/2
from Eqs. 共10兲 and 共40兲 to obtain

2

for T⬎ 兩 E 0 兩 .

2
具 ⌬u 共 L 0 兲 典 2 ⯝  ab

What remains to be considered for strong pinning are the
displacements on scales larger than d, i.e., the case L⬎d
⬎L c . At low temperatures, we are in the RM regime at all
scales L⬎d such that

具 ⌬u 典 2 共 L 兲 ⯝ 具 ⌬u 典 2 共 d 兲

冉冊
L
d

2  RM

共55兲

,

where 具 ⌬u 2 典 (d) is given by Eq. 共48兲, and  RM ⬇5/8. This
result stays valid up to temperatures U * where the strongly
pinned pancakes thermally depin. At this temperature the
thermally increased pinning length grows beyond the layer
spacing L c (U * )⫽d, increases 共double兲 exponentially for
U * ⬍T⬍ 兩 E 0 兩 , and crosses over to the weak pinning result
共43兲 for T⬎ 兩 E 0 兩 . The details of the 共double-兲 exponential
increase of L c (T) in the temperature interval U * ⬍T⬍ 兩 E 0 兩
for strong pinning are given in Ref. 41. The displacements
具 ⌬u 典 2 (L) for U * ⬍T⬍ 兩 E 0 兩 are as in Eq. 共44兲 given by

具 ⌬u 典 2 共 L 兲 ⯝ 具 ⌬u 2 典 T 关 L c 共 T 兲兴

冉 冊
L
L c共 T 兲

5/4

共56兲

but with the altered strong pinning behavior of the pinning
length L c (T). For T⬎ 兩 E 0 兩 Eq. 共44兲 applies again.
VII. ORDER-DISORDER TRANSITION AT TÄ0

In the presence of quenched point disorder the Lindemann
criterion 共4兲 for the stability of the BrG and thus the location

共57兲

冉 冊 冉 冊
L0
Lc

3

⯝a 2

b
2

⫺1/2

␦

共 1⫺b 兲 ⫺3/2 .


共58兲

This result is interesting because it means that the Lindemann criterion 共57兲 gives a order-disorder transition line
b t ( ␦ ) leading to a reentrance of the amorphous VG within
the dense regime a⬍ ab as long as we have bundle pinning.
We find upper and lower branches of the reentrant transition
line b t ( ␦ ),
1⫺b ut ⯝ 共 2  兲 1/3c L⫺4/3
b lt ⯝2  c L⫺4

冉冊
␦



冉冊
␦



2/3

,

2

,

共59兲

which meet at b t ⫽1/4 such that there is no transition line in
the bundle pinning regime for disorders ␦ /⬎0.13c L2 , see
Fig. 6. Using the condition L 0 ⫽L c for b s v , one finds that the
order-disorder transition line b t ( ␦ ) intersects the single2
vortex pinning line b s v ( ␦ ) for c L2 a 2 ⫽ 具 ⌬u(L c ) 典 2 ⫽  ab
and
thus leaves the bundle pinning regime at a field b t ⫽2  c L2
and a disorder strength ␦ /⬇c L3 , see also Fig. 4. Therefore,
the peculiar reentrant behavior can only be found for b t
⫽2  c L2 ⬍1/4 or Lindemann numbers c L ⬍(8  ) ⫺1/2⬇0.2.
Note that our results for weak pinning in the dense regime
are very different from the results of Ref. 31 as we treated
high-field correction factors (1⫺b) correctly. As indicated in
Fig. 6, NbSe typically has a very small pinning parameter
such that the upper order-disorder transition field is given by
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FIG. 6. Schematic phase diagram for NbSe and YBCO in the b-␦ / plane, and for BSCCO in the b-␦ d plane 共the dilute regime is
enlarged, the reentrance of the amorphous VG at very low fields is shown for completeness but not discussed in the text兲. The diagram also
contains the single-vortex pinning field b s v marking the boundary between single-vortex pinning and bundle pinning, cf. Fig. 4. The hatched
regions indicate a range of realistic disorder strengths for each material, cf. Fig. 4. The BrG is stable in the dark shaded regions. For NbSe
and YBCO the order-disorder transition line b t is given by Eq. 共59兲 for bundle pinning and Eq. 共61兲 for single-vortex pinning. Note that in
the bundle pinning regime there can be an upper and lower branch leading to a reentrant amorphous VG phase. For YBCO with strong
disorder we have L c ⬍d, and the upper branch of the order-disorder transition line in the single-vortex regime is given by Eq. 共66兲 and 共68兲.
For BSCCO the order-disorder transition is given by Eqs. 共69兲 and 共70兲. The decoupling transition line b dc , which is the continuation of the
order-disorder transition line above the 2D crossover field b 2D .

the bundle pinning result 共59兲. The lower transition field is
then located within the dilute regime a⬎ ab , and not given
by Eq. 共59兲.
For stronger disorder ␦ /⬎c L3 , as it is typical for YBCO,
there will be another transition line in the dense regime,
which lies in the single-vortex pinning regime at magnetic
fields b t ⬍2  c L2 , see Fig. 6. This part is found from Eqs.
共41兲 and 共10兲,
2
具 ⌬u 共 L 0 兲 典 2 ⯝  ab

冉 冊
L0
Lc

5/4

⯝a 2

冉 冊
b
2

3/8

共 1⫺b 兲 ⫺5/8

冉冊
␦



5/12

.
共60兲

For single-vortex pinning, the Lindemann criterion 共57兲 only
gives an upper branch of the order-disorder transition line
b t ( ␦ ) at
b ut ⯝2  c L16/3

冉冊
␦



⫺10/9

2/(1⫺  RM )

冉冊
␦



2
具 ⌬u 共  ab 兲 典 2 ⯝  ab

⫺2  RM /3(1⫺  RM )

,

共62兲

冉 冊
 ab
Lc

5/4

⯝a 2

冉冊

b ⫺5/4 ␦

2


5/12

,
共63兲

which gives with the Lindemann criterion the upper branch
of the order-disorder transition in the dilute regime,

共61兲

,

where we used 1⫺bⰆ1 because b lt ⬍2  c L2 Ⰶ1 in the singlevortex regime. We conclude that there will be a reentrance of
the amorphous VG and the BrG as function of the magnetic
field for disorder strengths c L3 ⬍ ␦ /⬍0.13c L2 , see Fig. 6, if
the Lindemann number c L is sufficiently small. Only the result 共61兲 for the order-disorder transition line in the singlevortex pinning regime, which can be more generally written
as
b ut ⬃c L

has been obtained in all previous Lindemann analysis25–32
which differ only in the estimates used for  RM .
On the continuation of the upper branch of the orderdisorder transition line into the dilute limit a⬎ ab fluctuations on the scale L d ⫽ ab govern the displacement fluctuations in the Lindemann criterion 共57兲, i.e., 具 ⌬u(L 0 ) 典 2
⯝ 具 ⌬u( ab ) 典 2 . Only for single-vortex pinning disorder is
strong enough ( ␦ /⬎c L24/5 9/5) that the upper branch of the
amorphization line lies in the dilute regime. Thus we use
Eqs. 共41兲 and 共10兲 to obtain

b ut ⯝2  c L2  ⫺5/4

冉冊
␦



⫺5/12

.

共64兲

B. YBCO

The YBCO phase diagram in the b-␦ plane is qualitatively different from the NbSe diagram only for such strong
disorder that the collective pinning length drops below the
layer spacing L c ⬍d, see Fig. 6. This happens for ␦ /
⬎(  /d) 3 ⫽(/ d  ) 3 关or ␦ d ⫽( ␦ /)(   d /) 3 ⬎1, see Eqs.
共34兲 and 共36兲兴 in the single-vortex pinning regime; for generic disorder strengths in YBCO this also happens before
the order-disorder transition line enters the dilute regime as
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indicated in Fig. 6. For L c ⬍d we have to use our results
about strongly pinned pancake vortices from Sec. VI C兲. In
particular, we have to use Eq. 共55兲 together with Eq. 共48兲 to
calculate the lhs 具 ⌬u(L 0 ) 典 2 in the Lindemann criterion 共57兲.
In the dense limit a⬍ ab the Josephson coupling and thus
fluctuations on the scale L 0 dominate the displacements. Neglecting logarithmic corrections we find from Eqs. 共55兲 and
共48兲,
2 1/2
␦d
具 ⌬u 共 L 0 兲 典 2 ⯝  ab

冉 冊
L0
d

5/4

⯝a 2

冉 冊 冉 冊 冉冊
3/8

b
2

d



1/4

␦



1/2

,
共65兲

which gives for the upper branch of the order-disorder transition in the dense limit30
b ut ⯝2  c L16/3

冉 冊 冉冊
d



⫺2/3

␦

⫺4/3

共66兲

.



Upon increasing the disorder strength, the order-disorder
transition line enters the dilute limit 关for ␦ /
⬎c L4 (/ d  ) 1/2 3/2], see Fig. 6. In the dilute limit, fluctuations on the scale L d ⫽ ab cause the strongest displacements, for which Eqs. 共55兲 and 共48兲 yield

冉 冊
冉 冊 冉冊

2 1/2
␦d
具 ⌬u 共  ab 兲 典 2 ⯝  ab
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 ab
d
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5/4

1/4

 5/4

␦



1/2

共67兲

and hence for the upper branch of the order-disorder transition line in the dilute limit
b ut ⯝2  c L2

冉 冊
d



⫺1/4

 ⫺5/4

冉冊
␦



b ut ⯝2  c L2 ␦ ⫺1/2
,
d

which agrees with the corresponding result of Ref. 28. For
typical values  ⬇200 for BSCCO it is clear that the orderdisorder transition line intersects the 2D crossover field b 2D
⯝2   ⫺2 in the strong pinning regime for ␦ d ⯝c L4  4 共which
usually entails ␦ d Ⰷ1). Note that typical pinning strengths
for BSCCO have similar values, as indicated in Fig. 6. At
smaller disorder strengths the BrG phase will be stable up to
a decoupling field b dc ( ␦ d ) where the FLL decouples into 2D
pancake lattices. As already mentioned there is no stable 2D
BrG phase and we thus conclude that at the decoupling field
also the in-plane topological order is lost and we have a
direct transition into a 2D amorphous VG. If the decoupling
transition is also described by a Lindemann criterion of the
form

具 ⌬u 共 0,d 兲 典 2 ⫽c L2 a 2

共71兲

as proposed in Ref. 51 the same formulas 共69兲 and 共70兲 apply
to the decoupling transition line b dc ( ␦ d ), which is the continuation of the order-disorder transition line into the regime
above the 2D crossover field b 2D , see Fig. 6. It should be
stressed that the phase diagram of BSCCO in the b-␦ plane
looks qualitatively different from those of YBCO and NbSe
in the dense regime a⬍ ab at higher fields as the peculiar
reentrance of the amorphous VG phase is absent for BSCCO
because fluctuations on the scale of the layer spacing d are
dominating for this material.

⫺1/2

.

共70兲

VIII. ORDER-DISORDER TRANSITION AT TÌ0

共68兲

The strongly layered BSCCO has a weak Josephson coupling at low temperatures, and the 2D crossover field b 2D is
slightly below the boundary to the dense regime according to
Eq. 共21兲. Consequently, the upper branch of the 3D amorphization transition line lies entirely in the dilute regime
where fluctuations on the scale L d ⫽d dominate on the lhs of
the Lindemann criterion 共57兲, 具 ⌬u(L 0 ) 典 2 ⯝ 具 ⌬u(d) 典 2 .
In a strongly layered material such as BSCCO it is more
convenient to use the parameter ␦ d , see Eq. 共36兲 for the
disorder strength and discuss the order-disorder transition
line in the b-␦ d plane. For weak pinning ( ␦ d ⬍1) we use Eq.
共51兲 to calculate for the upper branch of the order-disorder
transition line in the dilute limit

In this section we discuss the influence of thermal fluctuations on the phase diagrams we derived in the preceding
section for T⫽0. To do so we choose a realistic T⫽0 value
for the disorder strength ␦ / or ␦ d somewhere in the hatched
regions of Fig. 6. The results for the phase diagrams of
NbSe, YBCO, and BSCCO in the b-t plane are summarized
in Fig. 7. Similar to what we found already for the singlevortex pinning field b s v there are essential differences in the
temperature dependence of the order-disorder transition line
b t (t) depending on whether the depinning temperature T dp is
much smaller than the critical temperature T c as in the highT c materials YBCO and BSCCO or whether it practically
coincides with T c as in the low-T c superconductor NbSe. In
the high-T c materials the thermal weakening of the disorder
which gives an exponential increase of the pinning length in
Eq. 共43兲 is by far the dominant effect. On the other hand, in
the low-T c materials T dp is very close to T c and the temperature dependence through the microscopic pinning parameters
共37兲 or 共38兲 is most important.

b ut ⯝2  c L2 ␦ ⫺1
d .

A. NbSe

This case has been previously studied in Ref. 28, the results
of which agree with Eq. 共68兲.
C. BSCCO

共69兲

On the other hand, for strong pinning ( ␦ d ⬎1) we use Eq.
共48兲 to obtain

In a low-T c such as NbSe we typically have weak bundle
pinning at the order-disorder transition at T⫽0, and the
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FIG. 7. Schematic phase diagram for NbSe, YBCO, and BSCCO in the b-t plane. 共The dilute regime is enlarged, the reentrance at very
low fields is shown for completeness but not discussed in the text.兲 The BrG is stable in the dark shaded regions. The amorphous VG phase
occurs in the light shaded regions. The diagrams contain both the thermal melting lines b m from Fig. 3 and the order-disorder transition lines
b t . For YBCO and BSCCO the order-disorder transition line is shown for two different disorder strengths; for the smaller disorder strength
the stable BrG phase extends into the lighter shaded region. For NbSe the temperature dependence of the order-disorder transition line stems
from the temperature dependence through microscopic parameters. The stable BrG phase for ␦ T c pinning is indicated by the dark shaded
region, for ␦ l pinning it extends also into the lighter shaded region to the right. For YBCO and BSCCO the temperature dependence mainly
stems from thermal smoothing above the depinning temperature T d p . For YBCO the order-disorder transition line is temperature independent below T d p and given by Eq. 共73兲 between T d p and T x , where it intersects the melting line and the single-vortex pinning line b s v . For
BSCCO the order-disorder transition line is generically temperature independent, i.e., horizontal and intersects the melting line at T x
⫽U * (t * ⬅U * /T c ).

order-disorder transition fields b u,l
are given by Eq. 共59兲 at
t
T⫽0. Thermal depinning from disorder can be neglected,
and the temperature dependence of the order-disorder transition line comes exclusively from the temperature dependence
through the microscopic parameters entering the pinning
strength ␦ , i.e., Eq. 共37兲 or 共38兲. Then, the order-disorder
transition line in the b-t plane is obtained from Eqs. 共59兲,
共61兲, and 共64兲 simply by substituting the correct ␦ (t) according to Eq. 共37兲 or 共38兲.
For ␦ l pinning the disorder strength decreases with increasing temperature ⬀(1⫺t) 3/2 which gives together with
Eq. 共59兲 an upper branch of the order-disorder transition line
which stays in the bundle pinning regime and has a temperature dependence 1⫺b ut (t)⬀(1⫺t). Therefore, the orderdisorder transition line approaches b⫽1 with increasing temperature and has to intersect the melting line b m (t) where it
terminates, see Fig. 7. Because we used here the Lindemann
criterion based on the scenario of two distinct instabilities for
thermal and quenched fluctuations the phase diagram looks
qualitatively as in Fig. 1 on the right. For a cooperative
mechanism the transition line will be lower and not intersect
the melting line as on the left in Fig. 1.
For ␦ T c pinning the situation is rather different because
the disorder strength increases with temperature ⬀(1
⫺t) ⫺1/2 such that the BrG becomes always unstable sufficiently close to T c and the order-disorder transition line does
not intersect the melting line. Because the disorder strength

increases with temperature for ␦ T c pinning the topology of
the phase diagram in the b-t plane is the same as that in the
b-␦ plane, as can be seen in Figs. 6 and 7. In particular the
amorphous VG and the BrG are reentrant as a function of the
magnetic field in the dense regime also in the b-t plane.
Using Eq. 共59兲 we find within the bundle pinning regime the
two branches 1⫺b ut (t)⬀(1⫺t) ⫺1/3 and b lt (t)⬀(1⫺t) ⫺1 . In
the single-vortex pinning regime 共61兲 gives b ut (t)⬀(1
⫺t) 5/9. Finally, the upper branch of the order-disorder transition line enters the dilute regime and with Eq. 共64兲 we
obtain b ut (t)⬀(1⫺t) 5/24. These results are summarized in
Fig. 7.
Our results for the case of ␦ T c pinning might give an
explanation for the experimental phase diagram measured in
Ref. 23 where a reentrant amorphous VG phase was found in
the dense regime which does not intersect with the melting
line. This is exactly what we find for ␦ T c pinning in the
bundle pinning regime, see Fig. 7. We also want to point out
that our results are markedly different from what has been
obtained in Ref. 31 where high-field correction factors (1
⫺b) have been treated incorrectly.

B. YBCO

For the high-T c materials YBCO and BSCCO the thermal
smearing plays a much bigger role than the temperature de-
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pendence through the microscopic parameters contained in
the pinning strength ␦ . For YBCO effects from the layered
structure can be neglected unless at rather high disorder
strength ␦ /⬎(  /d) 3 or ␦ d ⬎1 where L c (0)⬍d. However,
typical disorder strengths ␦ / for YBCO are bigger than for
NbSe 共due to the intrinsic doping of HTSC and the increased
anisotropy兲 and the order-disorder transition field b ut is located within the single-vortex pinning regime at low temperatures.
For L c (0)⬎d collective pinning theory applies and the
thermal smearing sets in above the depinning temperature
T dp . For T⬍T dp the order-disorder transition line b ut (t) is
horizontal and given by Eq. 共61兲, see Fig. 7. In high-T c materials T dp is typically well below T c . Taking typical values
for YBCO as an anisotropic high-T c superconductor with
strong Josephson coupling,  ab ⬇1500 Å, ⬇1/5, d
⬇12 Å, and a disorder strength ␦ /⬇10⫺2 关corresponding
to a critical current j c ⯝ j 0 ( ␦ /) 2/3⯝107 A cm⫺2 ], we have
weak pinning 关 L c (0)⬎d 兴 and find T dp ⯝40 K for the depinning temperature, which is indeed well below T c ⬇90 K. For
T⬎T dp we have to use Eq. 共44兲 to evaluate the lhs of the
Lindemann criterion 共57兲 and obtain

冉 冊冉 冊
冉 冊
冉冊 冉 冊
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5/4

L0
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共72兲

Pinning-induced displacements drop exponentially above
T dp , therefore the thermal smearing is by far the most important effect of thermal fluctuations. The Lindemann criterion 共57兲 yields an exponentially increasing upper branch of
the order-disorder transition line

b ut ⯝2  c L16/3

冉冊 冉 冊
␦



⫺10/9

T
T dp

⫺10/3

␣

e (2C/3)(T/T dp ) ,

共73兲

which will intersect the melting line at a temperature T x ,
which can be determined from a simple argument as follows.
According to the scenario where thermal and quenched fluctuations cause independently instabilities of the BrG, thermal
displacements should be of the same size as disorder-induced
fluctuations at T x , i.e., 具 ⌬u 2 (L 0 ) 典 T ⫽ 具 ⌬u(L 0 ) 典 2 . However,
this is exactly the definition of the pinning length L c (T)
above the temperature T dp from which we conclude that T x
is determined by the additional condition L c (T x )⫽L 0 . This
also means that the amorphization transition line b ut (t) does
not leave the single-vortex pinning regime for thermally
weakened disorder above T dp until it intersects also with the
single-vortex pinning boundary b s v (t) 共46兲 at T x , see Fig. 7.
For the temperature T x and the field b x ⬅b m (t x )⫽b ut (t x )
⫽b s v (t x ) we find

T x ⯝T dp

冉

2
ln关共 ␦ / 兲 1/3c L⫺1 兴
C

b x ⯝2  c L4

冉冊 冉 冊
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T dp

冊

1/␣

,

共74兲
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.
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The temperature T x is only slightly above T dp due to the
exponential increase of the upper branch of the orderdisorder transition line. Using a disorder strength ␦ /
⬇10⫺2 and c L ⬇0.15 we obtain B x ⬇5.6 T for the intersection field in good agreement with experimental phase diagrams for YBCO.22 The characteristic exponentially increasing upper branch of the order-disorder transition line 共73兲
above the depinning temperature T dp has also been obtained
in Refs. 25, 27, and 30.
For L c (0)⬍d pancake vortices are strongly pinned at low
temperatures and the thermal smearing of the pinning potential sets in at the higher temperature U * 共50兲 which is the
characteristic depinning temperature for strong pinning. For
T⬍U * the order-disorder transition line b ut (t) is horizontal
and given by Eq. 共66兲, see Fig. 7. At the temperature U * we
find L c (U * )⫽d, and in the temperature interval U * ⬍T
⬍ 兩 E 0 兩 pinning-induced displacements decrease 共double兲 exponentially with increasing temperature according to Eq.
共56兲. For T⬎ 兩 E 0 兩 the results cross over to the above formula
共73兲. The details of the 共double兲 exponential increase of the
order-disorder transition line b ut (t) for U * ⬍T⬍ 兩 E 0 兩 can be
easily obtained using the results of Ref. 41 but will not be
presented here. The resulting phase diagram looks qualitatively as for weak pinning with the slightly higher t *
⫽U * /T c replacing the depinning temperature t dp , see Fig.
7.
Regardless of whether we have strong disorder with
L c (0)⬍d or weak collective pinning, we find a remarkable
reentrant nonmonotonic BrG instability line if we follow the
order-disorder transition line b ut (t) and after the intersection
further on the thermal melting line b m (t), see Fig. 7. This is
in agreement with experiments22 where a nonmonotonic BrG
instability line is clearly seen for YBCO. Because we used
here the Lindemann criterion based on the scenario of two
distinct instabilities for thermal and quenched fluctuations
the phase diagram of YBCO in Fig. 7 looks qualitatively as
in Fig. 1 on the right. For a cooperative mechanism the transition line b ut (t) will be lower and not intersect the melting
line as on the left in Fig. 1. However, also in this scenario a
reentrant nonmonotonic behavior of the resulting curve b ut (t)
is found.
C. BSCCO

For the strongly layered BSCCO several phase diagrams
in the b-t plane are possible depending on the three temperatures T d , below which BSCCO has a weak Josephson cou2D
, and finally the charpling, the 2D melting temperature T m
acteristic depinning temperature U * . For pancake pinning
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energies U p between U p ⬇10 K and U p ⬇20 K one finds
values between U * ⬇5 K and U * ⬇10 K for the depinning
temperature U * .
As for the thermal melting we will focus on the situation
2D
Tm
⬍T d that occurs for a realistic choice of material parameters for BSCCO; in Sec. V B we found estimates T d
2D
⬇36 K and T m
⬇10 K. Then the upper branch of the 3D
melting line lies entirely in the dilute regime as in Fig. 3.
Typical disorder strengths for BSCCO are such that we are in
the strong pinning regime ␦ d ⬎1. For sufficiently strong dis2D
,
order ␦ d ⬎c L4  4 (Ⰷ1), which corresponds to U * ⬎T m
there is a genuine 3D amorphization transition at T⫽0
whereas for smaller disorder 1⬍ ␦ d ⬍c L4  4 , corresponding to
2D
U * ⬍T m
, we have found a decoupling transition that simultaneously destroys topological in-plane order.
2D
the 3D amorFor strong disorder ␦ d ⬎c L4  4 or U * ⬎T m
u
phization transition field b t lies in the dilute regime at low
temperatures and its disorder dependence is given by Eq.
共70兲. Thermal fluctuations lead to a depinning of strongly
pinned pancake vortices only above the temperature U * at
which 具 ⌬u(d) 典 2 ⯝ 具 ⌬u(d) 2 典 T . 41 Therefore U * is also the
temperature where the amorphization transition line b ut (t)
intersects the melting line, i.e., T x ⫽U * . For all T⬍U * the
amorphization transition line runs horizontally, see Fig. 7. In
particular, this excludes a reentrant behavior. The horizontal
order-disorder transition line b ut (t) and, after intersecting, the
thermal melting line b m (t) are monotonously decreasing
with increasing temperature. This is unchanged also if we
use the slightly different Lindemann criterion based on a
cooperative mechanism of thermal and quenched fluctuations. Indeed, experimental signs for a nonmonotonic BrG
instability line are much weaker for the BSCCO
compound,21 and only recently a small ‘‘inverse melting’’
effect has been confirmed experimentally.53 Because the nonmonotony is much smaller in BSCCO than in YBCO this
effect might be beyond the scope of the Lindemann criterion
for BSCCO. Above the order-disorder transition line b ut (t)
we can speculate that a 3D amorphous VG phase will be
stable up to the thermal decoupling field b dc (t) that we discussed in Sec. V B. At b dc (t) the FLL decouples by thermal
fluctuations into 2D pancake lattices which are in a 2D amorphous VG phase as there is no stable 2D BrG phase. The 2D
amorphous VG phase might be separated by another dynamical crossover, in which the dislocation mobility increases by
thermal fluctuations, from the 2D VL phase but both phases
have no in-plane topological order.
For somewhat weaker disorder 1⬍ ␦ d ⬍c L4  4 or U *
2D
⬍T m
a slightly different sequence of transitions occurs as at
low temperatures the BrG phase is stable up to a decoupling
field b dc , which lies in the dense regime and the disorder
dependence of which is also given by the right-hand side of
Eq. 共70兲. As there is no stable 2D BrG phase the FLL decouples directly into the 2D amorphous VG at b dc . If the
locus of this line is as well determined by a Lindemann
criterion such as Eq. 共71兲, we obtain as for the amorphization
transition line a temperature-independent, horizontal transition line b dc (t) that intersects the thermal melting line at a

temperature T x ⫽U * , see Fig. 7. However, there will be no
subsequent thermal decoupling in this case but eventually
another temperature-driven crossover to the 2D VL phase.

IX. CONCLUSION

In conclusion, we have presented a comparative and comprehensive Lindemann analysis of the melting line and the
stability boundaries of the Bragg glass phase, i.e., the amorphization transition line for the three superconducting materials of most intense experimental interest: the high-T c materials YBCO and BSCCO and the low-T c superconductor
NbSe. We find that it is important to distinguish between
slightly different versions of the Lindemann criterion depending on whether quenched disorder-induced and thermal
fluctuations act cooperatively or independently in destroying
the lattice order. The two versions can actually be linked to
different scenarios for the proliferation of topological defects
in the destruction of the Bragg glass phase.
Special attention is paid to the role of the electromagnetic
coupling for the strongly layered compound BSCCO and to
the different mechanism of temperature dependence in the
pinning strength. We find that in high-T c materials thermal
smearing of the pinning potential is most important whereas
in the low-T c material NbSe the temperature dependence
through the microscopics of the pinning mechanism determines the phase behavior. Taking also into account high-field
corrections to the elastic moduli we obtain results regarding
the phase diagram of the low-T c material NbSe which are
markedly different from earlier findings31 and which give a
reentrant amorphous VG phase in the dense regime very
similar to what has been observed in recent experiments.23
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APPENDIX:

MATERIAL PARAMETERS AND LIST
OF SYMBOLS

For the low-T c compound NbSe we use the following set
of material parameters:
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T c ⬇6 K,
⬇1/3,

 ab ⬇100 Å,
 ab ⬇2000 Å,

共A1兲
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TABLE I. List of symbols. Our notation is mostly adapted from Ref. 1.
a
b dc
bm
b sv
bt
bx
b 2D
␥
cL
c 44(K,q), c 66
d
E0

FLL spacing
Decoupling transition field
Thermal melting field
Single-vortex pinning field
Order-disorder or amorphization transition field
Intersection field of b m and b t
2D crossover field
Pinning strength parameter
Lindemann number
共Dispersive兲 FLL tilt modulus, FLL shear modulus
Layer spacing
Pancake ground-state energy
Pinning strength parameter
Layered pinning strength parameter
Anisotropy ratio
Layered anisotropy
共Dispersive兲 single-vortex line tension
Characteristic line energy
Ginsburg number
2D Ginsburg number
Single-vortex critical current
Depairing current
Scale for onset of electromagnetic dispersion
Effective magnetic penetration depth

␦
␦d

⫽ ab / c
d
 l (q)
 0 ⫽(⌽ 0 /4  ab ) 2
Gi
Gi2D
jc
j0
 em
˜ ab
Lc
Ld
L0
Td

Collective pinning or Larkin length
Dispersion length scale
Single-vortex length
Crossover temperature to strong Josephson
coupling
Depinning temperature
Pancake depinning temperature
Thermal melting temperature
2D melting temperature
Intersection temperature of b m and b t
Pancake pinning energy
Pancake energy barrier

Tdp
T d p,d
Tm
2D
Tm
Tx
Up
U*

which leads to  ⬇20, Gi⬇1.7⫻10⫺6 . NbSe has no layered
structure which can be formally considered as the limit  d
⬇0. Pinning is typically weak with ␦ /⬇10⫺9 .
For the moderately anisotropic high-T c compound YBCO
we use

Eqs. 共45兲 and 共46兲

Eq.
Eq.
Eq.
Eq.

共21兲
共33兲
共1兲
共11兲

Eq. 共49兲
Eqs. 共34兲, 共37兲, and 共38兲
Eq. 共36兲
Eq. 共18兲
Eq. 共12兲
Eq. 共23兲

Eqs. 共13兲 and 共15兲
Eq. 共14兲
Eqs. 共39兲 and 共43兲
Eq. 共17兲
Eq. 共6兲
Eq. 共19兲
Eq. 共42兲
Eq. 共52兲

Eq. 共35兲
Eq. 共50兲

For the strongly layered high-T c material BSCCO we use
T c ⬇100 K,
⬇1/200,

T c ⬇90 K,

 ab ⬇100 Å,

⬇1/5,

 ab ⬇15 Å,

 ab ⬇2000 Å,

 ab ⬇1500 Å,
d⬇12 Å,
⫺2

共A2兲

which leads to  ⬇100, Gi⬇10 , and  d ⬇0.008Ⰶ. A
typical pinning strength is ␦ /⬇10⫺2 .

d⬇15 Å,

共A3兲

2D
which leads to  ⬇200, Gi2D ⬇0.096, T m
⬇10 K,  d
⬇0.0075⬎, and T d ⬇36 K. A typical value for the pinning
parameter is ␦ d ⬇104 Ⰷ1 corresponding to U p ⬇10 K.
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