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A theory of fluctuations in two-band superconductor MgB2 is developed. Since the standard GinzburgLandau 共GL兲 approach fails in description of its properties, we generalize it based on the microscopic theory
of a two-band superconductor. Calculating the microscopic fluctuation propagator, we build up the nonlocal
two-band GL functional and the corresponding time-dependent GL equations. This allows us to calculate the
main fluctuation observables such as fluctuation specific heat and conductivity.
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I. INTRODUCTION

The celebrated phenomenological Ginzburg-Landau1
共GL兲 theory of superconductivity proved to be one of most
fruitful and universal tools in the description basic properties
of superconductors. The examples of its success range from
the prediction of the Abrikosov vortex state2 to the recent
advance in understanding the complex vortex phase diagram
of high-temperature superconductors3 and the properties of
mesoscopic superconducting systems.4 Gor’kov’s derivation
of GL equations from BCS theory5 have put GL theory on a
firm microscopic basis and related phenomenological constants with material parameters. GL theory describes well the
properties of almost all superconductors near transition temperature and is successful even in the case of superconductors with quite complicated band structures.
The notorious exception to the rule is the recently discovered multiband superconductor magnesium diboride 共MgB2兲.
As it was shown,6,7 GL theory applies to MgB2 only in the
very immediate vicinity of the transition temperature, Tc, i.e.,
within the interval which turns out to be much more narrow
than the usual one given by the condition 兩T − Tc兩 Ⰶ Tc. The
origin of this narrowing of the interval of validity lies in the
sophisticated band structure of the material and reflects the
specific interplay between its single-electron and superconducting characteristics. Namely, the Brillouin zone of MgB2
consists of the two families of bands: the quasi-twodimensional  bands with the strong superconductivity and
the weakly superconducting three-dimensional  bands. Due
to the large difference in anisotropy, the c-axis coherence
length of the  bands, 2,z, is much larger than the c-axis
coherence length of the  bands, 1,z. Formation of the global
coherent superconductivity with the unique order parameter
implies the appearance of the associated unique effective coherence length ˜z共T兲, which turns out to be much smaller
than 2,z at almost any temperature. As a consequence, the
GL applicability interval shrinks to the parametrically narrow
range of temperatures where ˜z共T兲 Ⰷ 2,z. Beyond this temperature range the system is strongly nonlocal along the z
axis; to describe such a nonlocality one has to employ a
generalized nonlocal GL model.7 One of the spectacular
manifestations of non-GL behavior in MgB2 is the strong
temperature dependence of the Hc2 anisotropy close to Tc.8
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The description of superconducting fluctuations is one of
the major fields for the application of the GL theory. Since
the standard GL approach turns out to be insufficient for
MgB2, a generalization of GL theory is required in order to
describe its fluctuation properties. The variation of the order
parameter on scales smaller than the largest intrinsic coherence length means that the usually assumed local approximation does not hold anymore and that the corresponding shortwavelength fluctuations have to be taken into account.
In the present paper we develop a nonlocal theory of superconducting fluctuations that applies to a strongly anisotropic two-band superconductor9 and we show that the shortwavelength fluctuations are essential for the description of its
properties near the critical temperature. We will use a simple
microscopic model: a two-band superconductor with strong
intraband scattering and weak interband scattering. This
model has already been successfully used to describe many
experimental properties of MgB2 including 共i兲 structure of
the vortex core10 probed by STM,11 共ii兲 the field dependencies of the tunneling12 and point-contact13 conductivities,
共iii兲 the temperature dependence of the upper-critical-field
anisotropy,14 and 共iv兲 the angular dependencies of the upper
critical field at different temperatures.14
We start with the derivation of the microscopic fluctuation
propagator for such a two-band model. Then we use this
propagator in order to construct the nonlocal two-band GL
functional and the corresponding time-dependent GL
共TDGL兲 equations. This, in particular, allows us to calculate
the kinetic and thermodynamic observable quantities including the fluctuational specific heat and conductivity.
As we have already stated, the main source of the non-GL
behavior is the nonlocality in the c direction, i.e., the strong
wave-vector dependence of c-axis coherence length. The
conventional local form of GL equations turns out to be valid
only within the narrow interval of temperatures, 兩T − Tc兩 / Tc
2
2
Ⰶ 1,z
/ 2,z
+ S12 Ⰶ 1, where S12 Ⰶ 1 is the relative interband
interaction constant which will be specified below. Beyond
this interval, the superconducting correlations in the  band
become nonlocal and their contribution to the effective coherence length rapidly decreases. Far away from Tc the effective c-axis coherence length is determined only by the 
band. In other words, the effective c-axis coherence diverges
for T → Tc faster than it could be expected from the naive GL
extrapolation, ˜z共T兲 ⬀ 1 / 冑T − Tc, started from high tempera-
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tures. This also leads to the decrease of the effective anisotropy factor ⌫共T兲 =˜x共T兲 /˜z共T兲. As a consequence, the temperature dependencies of all fluctuation corrections exhibit
the characteristic crossovers between the dominating -band
regime 共far away from Tc兲 and the “true” GL regime 共very
close to Tc兲. For example, the c-axis component of the paraconductivity diverges faster in the immediate vicinity of Tc
than one could expect from high-temperature extrapolation
using the Aslamazov-Larkin formula15 while the fluctuation
specific heat and ab component of the paraconductivity diverge slower than the corresponding extrapolations. We will
obtain the temperature dependencies of these fluctuation corrections.
II. CRITICAL TEMPERATURE AND FLUCTUATION
PROPAGATOR
A. Cooper pairing in two-band model

The BCS theory was generalized to the case of the twoband electron spectrum a long time ago18,19 and has been
extended recently to include the specific features of magnesium diboride.20–25 We briefly overview this theory, rewriting
it in terms of Green’s function formalism. The two-band
pairing Hamiltonian is given by
H=

␣共p兲␣† ,p,␣,p,
兺
p,␣,
−

兺

p,p⬘,q,␣,␤,,⬘

g␣␤␣† ,p+q,␣† ,−p,−␤,−p⬘,−⬘␤,p⬘+q,⬘ ,
共1兲

where ␣† ,p, and ␣,p, are the creation and annihilation field
operators in the Heisenberg representation for quasiparticle
in band ␣ with momentum p and spin ,

␣共p兲 = v␣共p − pF␣兲

共2兲

is the quasiparticle spectrum, and v␣, pF␣ are the Fermi velocity and momentum of the ␣ band. The matrix nature of
the electron-electron interaction −g␣␤ in 共1兲 reflects the possibility of the interband interactions. The free electron
Green’s functions for each band have the usual form
G␣共r , r⬘ ,  , ⬘兲 = −i具T␣␣⬘†典, where T is the time-ordering
operator. In the Matsubara representation,
G␣共p,n兲 = 关in − ␣共p兲兴−1

共3兲

with n = 2T共n + 1 / 2兲 being the fermionic Matsubara frequencies.
Now we turn to the calculation of the fluctuation propagator L␣␤ which characterizes the properties of fluctuating
Cooper pairs and their effect on observable quantities of a
superconductor above Tc.15 Note, first of all, that the interband electron interactions do not result in the Cooper pairing
of the electrons from different bands, but rather lead to the
transfer of the pairing correlations between the bands. Indeed, the Cooper pairing means the appearance of
superconducting-type correlations between two similar states
obeying the condition of the time reversal symmetry. This
means that pairing is possible only for electrons belonging to

FIG. 1. Upper part: Graphic representation of Dyson equation
共4兲 for the fluctuation propagator L␣␤ 共wavy line兲. The Greek letters
indicate the band indices. The black dot represents the couplingconstants matrix −g␣␤, the loop represents the polarization operator
⌸␥␦, and the shaded triangle represents the scattering vertex C␥␥.
Without interband scattering the polarization operator is diagonal
⌸␥␦ = ⌸␥␥␦␥␦ Lower part: Equation for the scattering vertex C␣␣.
The dashed line is the impurity scattering line 1 / 2␣␣. We omit
the band index, because without interband scattering this equation is
diagonal with respect to the band indices.

the same band, otherwise the electron states are too diverse
共in terms of the plane waves description, their momenta are
not the opposite兲 and the integral of the product of their wave
functions is zero. Thus the formation of a unique condensate
should be understood as the result of the intraband electron
correlations and subsequent “travel”of the Cooper pair from
one band to another due to off-diagonal interaction components g12 and g21. Hence, in terms of diagrams, the entrance
and exit lines of the fluctuation propagator must belong to
the same bands 共see Fig. 1兲 and it can be presented as the
2 ⫻ 2 matrix L␣␤共q , ⍀k兲 where ⍀k = 2Tk are the bosonic
Matsubara frequencies. The corresponding Dyson equation
for the fluctuation propagator can be written in the ladder
approximation as 共see Fig. 1兲
L␣␤ = − g␣␤ + g␣␥⌸␥␦L␦␤ ,

共4兲

where ⌸␣␤共q , ⍀k兲 is the matrix polarization operator which
is determined by two Green’s functions loop.15 Without interband electron scattering the only nonzero components of
the operator L␣␤ are the diagonal ones.
Turning to the role of electron scattering, let us note that
at first sight the short-range impurity potential might lead to
the scattering of electrons all over the whole Fermi surface
which would result in the equalization of all gap values and
reduction of Tc. However, it is well established now that this
does not happen in MgB2: even in the samples with rather
strong intraband scattering, interband scattering remains
rather weak. This property gave possibility to fabricate
samples with very high upper critical fields 共up to 50 T兲
which have transition temperatures only slightly smaller than
in clean material.16 The weakness of the interband scattering
has been explained by Mazin et al.17 who argued that different parity symmetry of the  and  orbitals leads to strong
reduction of the impurity scattering matrix element between
these bands. For simplicity, we will completely neglect the
interband scattering. This approximation is justified until the
interband scattering rate is much smaller than the transition
temperature 共in energy units兲. In this case the off-diagonal
components of the polarization operator vanish. The averaging over impurities position will result just in the usual renormalization
of
the
Green’s
functions,
n → n
+ 共1 / 2␣兲sign共n兲 共␣ is the corresponding intraband scatter-

064523-2

PHYSICAL REVIEW B 72, 064523 共2005兲

THEORY OF FLUCTUATIONS IN A TWO-BAND…

ing time兲, and in the appearance of the scattering vertex part
C␣␣ in the expression for the polarization operator

⬇ 2␣T 兺

n

⫻ P␣␣共q,n + ⍀k,− n兲.

共5兲

with the correlator

冕

d 3p
G␣共p + q,1兲G␣共− p,2兲
共2兲3

⬇ 2␣␣

冓

⍜共− 12兲
1 + 兩1 − 2兩␣ + i␣v␣q

冔

冉

⫻ 1−

⍜共− 12兲
1 + 兩1 − 2兩␣

冊

␣D̂␣q2
.
共1 + 兩1 − 2兩␣兲2

2
2
r = D2,z/D1,z = 2,z
/1,z

We will now use this general expression to reconsider the
main properties of two-band superconductivity and to describe the corresponding fluctuation properties.
B. Critical temperature

The critical temperature of a two-band superconductor is
determined by the condition detL̂−1 = 0 taken at ⍀k = 0 and
q = 0:

冉

and the polarization operator,

兩1 − 2兩 + D̂␣q2

g22
detĝ

− 1 ln

2 ␥ E D
Tc

冊冉

g11
detĝ

− 2 ln

冊

2 ␥ E D
g21g12
=0
−
Tc
det2ĝ

with ln ␥E ⬅ CE ⬇ 0.577 being the Euler constant. Introducing the coupling-constants matrix as

冉

冊

we can find that the transition temperature is determined by
its largest eigenvalue,

−1

.

共8兲

From Eqs. 共6兲 and 共8兲, in the dirty limit for both bands,
T␣ Ⰶ 1, we obtain the vertex part,
,

共12兲

1g11 2g12
,
ˆ =
1g21 2g22

which can be easily solved:

␣−1⍜共− 12兲

,

共11兲

L̂−1 = − ĝ−1 + ⌸̂.

1
P␣␣共q,1,2兲C␣␣共q,1,2兲,
2␣␣

C␣共q,1,2兲 ⬇

冊册

is large, r Ⰷ 1, due to the large difference between the band
Fermi velocities in the c direction.20,21 This parameter will
play an important role in the following consideration.
The inversion of the Dyson equation 共4兲 gives

共6兲

and the band diffusivities components, D␣,a, are defined as
D␣,a ⬅ ␣具v␣2 ,a典␣.
The scattering vertex part C␣␣共q , 1 , 2兲 has to be calculated in ladder approximation27 共see the lower part of Fig. 1兲.
In the absence of interband scattering and in the Born approximation for the intraband scattering, C␣␣共q , 1 , 2兲 is determined by the equation

冊

冉

1 兩⍀k兩 + D̂␣q2
D
−
+
2
2T
4T

where 共x兲 is the digamma function. The diffusivities D␣,a
determine the band coherence lengths as ␣2 ,a = D␣,a / 8T. For
magnesium diboride the ratio

共7兲

1
P␣␣共q,1,2兲
2␣␣

,

共10兲

a

冉

兩2n + ⍀k兩 + D̂␣q2

,
␣

D̂␣q2 ⬅ 兺 D␣,aq2a ,

C␣␣共q,1,2兲 = 1 −

⍜„n共n + ⍀k兲…

with the accuracy of O共T␣兲. The logarithmically diverging
sum over n has to be cut at the Debye frequency D leading
to the following final result,

冋

We introduced the notation for the diffusion-coefficient tensor acting in the momentum and band spaces:

C␣␣共q,1,2兲 = 1 +

n

⌸␣␣共q,⍀k兲 = ␣ ln

where ⍜共x兲 is the Heavyside step function, ␣ is the density
of states in the band ␣, and 具…典␣ means the averaging over
the ␣ band part of the Fermi surface. For small momenta
v␣q Ⰶ min共T , ␣−1兲 the denominator can be expanded with respect to v␣q leading to
P␣␣共q,1,2兲 ⬇ 2␣␣

1 − P␣␣共q,n + ⍀k,− n兲/2␣␣

n

⌸␣␣共q,⍀k兲 = T 兺 C␣␣共q,n + ⍀k,− n兲

P␣␣共q,1,2兲 ⬅

P␣␣共q,n + ⍀k,− n兲

⌸␣␣共q,⍀k兲 = T 兺

˜ = + +
2

冑

−2
+ 1221
4

with ± ⬅ 11 ± 22, and it is given by the BCS-type equation:
ln

共9兲

2␥ED ˜ −1
= .
Tc

Following Ref. 7, we introduce the inverse couplingconstants matrix
064523-3
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Ŵ =
=

冉

W11

− W12

− W21

W22

1
detˆ

冉冑

冊

C. Fluctuation propagator

⬅ ˆ −1 − ˜−1Î

−2/4 + 1221 − −/2
− 12

− 21

冑−2/4 + 1221 + −/2

冊

In terms of the notations introduced above, the inverse
matrix for the propagator 共12兲 assumes the form
,
L̂−1共⍀k,q兲 = −

where Î is the unit matrix and det ˆ ⬅ 1122 − 1221. From
the definition of the matrix Ŵ it is evident that it is degenerate, det Ŵ ⬅ W11W22 − W12W21 = 0. Having in mind applications of our theory to MgB2, we will use the numerically
computed effective coupling constants for this compound:26

冉

W11 W12
W21 W22

冊冉
=

0.088 0.535
0.424

2.56

冊

⫻

W11
⬇ 0.035 Ⰶ 1,
S12 =
W22

− W21

W22 + ⑀ + ␤2共兩⍀k兩,q兲

1 0
,
0 2

冊

共15兲

冉


共 + D̂␣q2兲
8T

冊

and

␤共x兲 ⬅ 共1/2 + 2x/2兲 − 共1/2兲
=

共14兲

再

x Ⰶ 1,

x,

ln x + CE + ln共8/2兲,

xⰇ1

冎

.

共16兲

Note that due to the identity W122 = W211, the matrix
L̂−1共⍀k , q兲 is symmetric.
Calculating the determinant of L̂−1 and inverting the matrix, one can present L̂共⍀k , q兲 as

appears.6,7 In what follows we will demonstrate that it is the
interplay between these two parameters that defines the rich
picture of fluctuations that occurs beyond the traditional GL
theory.

冉

− W12

␤␣共,q兲 ⬅ ␤

共13兲

.

W11 + ⑀ + ␤1共兩⍀k兩,q兲

where ⑀ = ln共T / Tc兲,

We see now that apart from the already mentioned large ratio
r 共11兲, another characteristic small parameter, the relative
interband coupling,

L̂共⍀k,q兲 ⬇

冉
冉 冊

˜ +˜关⑀+␤ 共兩⍀ 兩,q兲兴
W
22
2
k

W̃21

W̃12

W̃11+˜关⑀+␤1共兩⍀k兩,q兲兴

冊冉 冊
−1
1

0

0

−1
2

⑀ + 共W̃11 + ˜⑀兲␤2共兩⍀k兩,q兲 + 关W̃22 + ˜␤2共兩⍀k兩,q兲兴␤1共兩⍀k兩,q兲

,

共17兲

where we introduced the following notations:

W̃ik ⬅

1
Wik
, ˜ ⬅
.
W11 + W22
W11 + W22

Since we are interested in the most singular contribution with respect to ⑀, we omitted the terms ⑀2 and ⑀ as compared to W22.
In order to derive microscopically the TDGL equation and study the effect of fluctuations on transport phenomena one has
to perform the analytical continuation of the propagator 共17兲 from the set of the imaginary Matsubara frequencies i⍀k
= 2iTk, k = 0, 1, 2…, to the upper half-plane of the complex frequencies. Since the function 共z兲 has poles at points zn = 0, -1,
-2, …, the analytical continuation to the real frequencies ⍀ can be performed by the simple substitution ⍀k → −i⍀ in the
argument of the function 共16兲.15,28 When this argument is small 共⍀ , D␣q2 Ⰶ T兲 the function ␤ is reduced to the Fourier
transform of the diffusion operator:

␤

冉

冊

⍀ D̂␣q2

+
共兩⍀k兩 + D̂␣q2兲 → − i
.
8T
8T
8T

Performing the analytical continuation, using W̃22 ⬇ 1, and accounting for the small parameters of the model
共W̃11 ⬇ S12 , ˜ , ⑀ , ⍀ / T , D̂1q2 / T Ⰶ 1兲, we obtain the analytically continued propagator L̂R共q,⍀兲 in the form
064523-4
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L̂R共q,⍀兲 ⬇ −

1
S ␤ 共−i⍀,q兲

⑀ + ␤1共− i⍀,q兲 + 1+12˜␤2 共−i⍀,q兲
2

Below we will analyze the behavior of this matrix in different temperature intervals.
1. Ginzburg-Landau regime

Let us make the reduced temperature so small that both ␤1
and ␤2 functions can be expanded. At the end of this subsection we will arrive at the analytical criterion for this condition to be satisfied. In this case the propagator 共18兲 significantly simplifies 共we use here the definition D̂␣q2 / 4T
= 2 / 2␣2 ,aq2a兲:
L̂R共q,⍀兲 = −

1

冉

1/1

W̃21/2

⑀ − i␥GL⍀ + ˜2aq2a W̃12/1 S12/2

冊

冢

˜
W
21
˜
2关1+␤2共−i⍀,q兲兴

1/1
˜
W
12

1关1+˜␤2共−i⍀,q兲兴

S12+˜关⑀+␤1共−i⍀,q兲兴
 关1+˜␤ 共−i⍀,q兲兴
2

2

冣

共18兲

.

lowed expansions and simplifications. The diffusion in the
first band is slow, therefore we can expand the corresponding
␤ functions. On the other hand, the function ␤2共−i⍀ , q兲
⬅ ␤关共 / 8T兲共−i⍀ + D̂2q2兲兴 can be expanded only with respect
to ⍀ and q储 and one has to keep the full nonlinear dependence on qz. As a result, we obtain an expression similar to
共19兲 except for the appearance of the explicit qz dependence
of the GL coefficients ␥GL → ␥共qz兲 and ˜2a共qz兲,
L̂R共q,⍀兲 = −

,

1

⑀ − i␥共qz兲⍀ + ˜2a共qz兲q2a

冢

1/1

˜
W
21
2共1+˜␤2兲

˜
W
12
1共1+˜␤2兲

˜ +˜2 q2
S12+⑀
1,a a
 共1+˜␤ 兲
2

冉

˜2 = W̃ 2 + W̃ 2 ⬇ 2 1 + S
11 2,a
22 1,a
12
a
1,a

2
2,a
2
1,a

冊

.

with

共20兲

Typically 2,x ⬇ 1,x and, due to the presence of a small coefficient S12, the contribution from the  band to the transversal component of the effective coherence length 共a = x , y兲
turns out to be small and can be ignored. On the other hand,
the c-axis motion in the  band, due to the large value of the
2
2
/ 1,z
, can play an important role for the longituratio r = 2,z
dinal component of the effective coherence length

Therefore the standard GL theory is valid only at tempera2 2
qz Ⰶ 1 and where both ␤ functions
tures so close to Tc that 2,z
can be expanded. The corresponding condition acquires the
form6,7

⑀Ⰶ

2
1,z
2
2,z

+ S12 = r/1 + S12 .

共22兲

As r Ⰷ 1 and S12 Ⰶ 1, this condition is much more restrictive
than the usual applicability condition of the GL theory, ⑀
Ⰶ 1.
2. Beyond the GL regime

Let us return to the propagator 共18兲 and analyze its behavior in all the vicinity of the transition, ⑀ Ⰶ 1, performing al-

共24a兲

共24b兲

␤2共qz兲 2
S12
2 2 2,z .
˜
1 + ␤2共qz兲 2,zqz

共24c兲

Here

2
.
and when S12 Ⰷ 1 / r it may significantly exceed 1,z
The characteristic momentum qz is determined by the diverging GL coherence length:

共21兲

冊

˜
S12 + ⑀
␤2⬘共qz兲 ,
1 + ˜␤2共qz兲

˜
˜2共q 兲 = 2 + S12 + ⑀ ␤⬘共q 兲2 ,
2 z 2x
x z
1x
1 + ˜␤2共qz兲
˜2共q 兲 = 2 +
z z
1,z

˜2 = 2 共1 + S r兲
12
z
1,z

qz ⬃ 冑⑀/˜z .

冉

␥共qz兲 ⬇ ␥GL 1 +

.

共23兲

共19兲
where ␥GL =  / 8T, and the effective coherence length components ˜a are given by

2

冣

␤⬘共x兲 = d␤共x兲/dx,

共25a兲

2 2
␤2共qz兲 ⬅ ␤共2,z
qz 兲,

共25b兲

2 2
␤2⬘共qz兲 ⬅ ␤⬘共2,z
qz 兲.

共25c兲

One can see that when the condition 共22兲 is satisfied, the
characteristic qz 关see 共21兲兴 is small and the expressions
共24a兲–共24c兲 reproduce the TDGL coefficients. In the region
1/r + S12 Ⰶ ⑀ Ⰶ 1

共26兲

2 2
the argument 2,z
qz of the ␤ function 共25b兲 for the essential
momenta qz becomes large and it cannot be expanded anymore. This means that the gradient expansion needed for
validity of the GL regime fails. In this region of temperatures
the contribution of the  band rapidly decreases and the
main role passes to the  band. Typically, the  band
strongly contributes to ˜z2共qz兲 and gives only small corrections to ␥共qz兲 and ˜2x 共qz兲.
Now we have in place all the elements required for the
microscopic calculations of fluctuation effects in a two-band
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superconductor. However, because of the complex band
structure and necessity to take into account the short wavelength fluctuations, the diagrammatic calculations present
themselves as a bulky calculus. In what follows we establish
another route to address fluctuation phenomena. Namely, we
will rederive the GL functional and extend the standard GL
scheme to treatment of fluctuations for the two-band superconductor, and then apply this modified GL approach to calculations of specific heat and paraconductivity.
III. NONLOCAL TWO-BAND GL FUNCTIONAL AND
TDGL EQUATIONS

Knowing the explicit form of the fluctuation propagator
共15兲, one can write out the corresponding GL free-energy
共2兲
共4兲
functional, FGL = FGL
+ FGL
. The complete procedure of its
microscopic derivation is given in Ref. 15 and here we will
present only the specific expressions for GL coefficients corresponding to the model under consideration.
The quadratic in the order parameter ⌬␣ part of the GL
共2兲
functional FGL
is expressed in terms of the linearized GL
−1
共q , ⍀ = 0兲:
Hamiltonian density H␣␤共q兲 ⬅ L␣␤

with
H␣␤ = a␣␤ +

冉

冕

dr⌬␣* H␣␤共q̂兲⌬␤ ,

2
11,a
q2a

0

0
2 2
2关2,x
q储 ␤2⬘共qz兲

and q̂ = −i ⵜ −共2 / ⌽0兲A. Here the matrix
â =

冉

1共W11 + ⑀兲 − 2W12
− 1W21 2共W22 + ⑀兲

+ ␤2共qz兲兴

冊

冑冉

dr兩⌬␣兩4

共30兲

with
b␣ = 7共3兲␣/共82T2兲 = ␣bGL

−1
L␣␤
共q,⍀兲⌬␤ ⬅ 关− i⍀␥␣␤共qz兲 + H␣␤共q兲兴⌬␤ = 0

with the matrix of TDGL dynamic coefficients

␥␣␤共qz兲 =

冉

冊

0
 1
,
8T 0 2␤2⬘共qz兲

共31兲

共27兲

共28兲

B. Spectral properties of L̂−1„q , ⍀…

冊
共29兲

The TDGL operator L̂−1共q , ⍀兲 = Ĥ共q兲 − i⍀␥ˆ 共qz兲 is the 2
⫻ 2 matrix defined on the band index space. It is convenient
−1
共q兲 = m共q兲 − i⍀␥m共qz兲
to diagonalize it. The eigenvalues Lm
and the normalized eigenstates m,␤ obey the equation
−1
关H␣␤共q兲 − i⍀␥␣␤共qz兲兴m,␤ = Lm
共q,⍀兲m,␣ ,

1关W11 + h1共q,⍀兲兴 − 2关W22 + ␤2共qz兲 + h2共q,⍀兲兴
2

with
h1共q,⍀兲 ⬅ ⑀ +

共32兲

where m = 1, 2 is the mode index. Superconducting instability
corresponds to the vanishing of the m = 1 eigenvalue at ⑀, q,
⍀ = 0.
Calculating the determinant of 共32兲 and equating it to zero
one finds

1关W11 + h1共q,⍀兲兴 + 2关W22 + ␤2共qz兲 + h2共q,⍀兲兴
2
±

冕

which directly follows from the dynamic part of the fluctuation propagator. We see that there are two essential differences from the standard GL approach: 共i兲 strong nonlocality
along the z direction and 共ii兲 two-component character of the
order parameter. In the case where the parameter W22 is
large, one can reduce the functional with two order parameters to the functional for the single band-averaged order
parameter.7

plays the role of the GL coefficient a. In general, we have to
keep nonlinear dependence on qz in H␣␤共q兲, meaning that
H␣␤共q̂兲 in Eq. 共27兲 is not a simple second-order differential
operator. Note that the similar generalization of the GL functional has been performed by Maki29 in order to describe a
dirty superconductor in the vicinity of the Hc2共T兲 line in the
whole temperature range.

−1
L1,2
共q,⍀兲 =

共4兲
FGL
= b␣

and 共3兲 ⬇ 1.202.
Now one can present the linearized TDGL equation in the
form15

A. GL functional and TDGL equations

共2兲
=
FGL

The coefficients in the fourth-order term of the GL func共4兲
tional FGL
do not change their form with respect to the noninteracting bands case:

i⍀
2
q2a ,
+ 1,a
8T
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h2共q,⍀兲 ⬅ ⑀ + ␤2⬘共qz兲

冉

冊

i⍀
2 2
q储 .
+ 2,x
8T

a. GL regime. In the case of small ⍀, ⑀, and q, corresponding to the GL region of temperatures, one can find the
simplified expressions for the eigenvalues of energy:
L−1
1 共q兲 ⬇ 21

共W22 + W11兲
1W11 + 2W22

2
2
⫻ 共⑀ + i⍀␥GL + W̃221,a
q2a + W̃112,a
q2a兲, 共33兲

L−1
2 ⬇ 1W11 + 2W22 .

共34兲

The expression 共33兲 for L−1
1 共q兲 reproduces the GL relation
共19兲 while L−1
is
not
singular.
2
b. Beyond the GL regime. Generally, the value of function ␤2共qz兲 may not be small. In the absence of that smallness more general expansions for eigenvalues have to be
used:
L−1
1 共q兲 ⬇ 12

冉

关h2共q兲 + ␤2共qz兲兴W11 + h1共q兲关W22 + ␤2共qz兲兴
1W11 + 2关W22 + ␤2共qz兲兴

⬇ 1 h1共q兲 +

L−1
2 共q兲 ⬇

冊

W11关h2共q兲 + ␤2共qz兲兴
;
关W22 + ␤2共qz兲兴

共35兲

1W11共2W22 + 1W11兲
+ 2关W22 + ␤2共qz兲兴.
2关W22 + ␤2共qz兲兴 + 1W11

Gi =

冉

422x ⌫共Tc兲Tc
⌽2˜
0 x

冊

2

,

where ⌽0 = 2.07⫻ 10−7 G cm2 is the flux quantum, x and ˜x
are the in-plane London penetration depth and coherence
length, and ⌫共Tc兲 is the anisotropy parameter in the limit T
→ Tc. Making use of the values of parameters typical for the
clean MgB2 crystals, penetration depth x = 10−5 cm 共Ref. 30,
coherence length x = 10−6 cm 共Ref. 8兲, and the anisotropy
coefficient ⌫共Tc兲 = 2.5 共Ref. 8, we obtain Gi ⬇ 1.5⫻ 10−6,
which means that fluctuations in this compound are weak.
This conclusion is not so surprising, since MgB2 is known to
be a good metal with large concentration of charge carriers.
Therefore, identifying experimentally the contribution of
fluctuations in the clean MgB2 crystals is a challenging task.
On the other hand, the amplitude of fluctuation is expected to
be much higher in disordered films or in crystals with a large
number of substitution impurities. We stress, however, that
the effects discussed in this paper hold only as long as scattering does not mix bands and this limits the applicability of
our theory for strongly disordered materials. Another complication is that increasing disorder in magnesium diboride is
usually accompanied by doping of the -band, leading to
modification of material parameters 共e.g., decreasing the 
band anisotropy兲.31

共36兲
A. Specific heat

We will need further the eigenvector for the singular mode,
m = 1, in the zeroth order with respect to the small parameters
h ␣:

冉

冊 冉冑

1,1共qz兲
⬇
1,2共qz兲

1 − a2共qz兲
− a共qz兲

冊

,

共37兲

We start with the calculation of the fluctuation contribution to the free energy of the two-band superconductor above
the critical temperature. It is determined by the partition
function Z, F = −T ln Z, which, in its turn, can be expressed in
terms of the determinant of the GL matrix Hamiltonian 共28兲:

where
a共qz兲 =

冑12W11W22
2关W22 + ␤2共qz兲兴

冕 冕
冕

F = − T ln
.
= − TV

Now we are prepared to revise the results of the standard
fluctuation theory and to generalize them for the case of a
two-band superconductor.
IV. FLUCTUATION PROPERTIES OF TWO-BAND
SUPERCONDUCTOR

Before going into detailed calculations of different fluctuation properties, it is instructive to estimate the relative
strength of fluctuations in the available two-band material,
MgB2. It is characterized by the magnitude of the GinzburgLevanyuk parameter:

D⌬

冉 冕

D⌬*exp −

1
T

d 3q
H␣␤⌬␣* ⌬␤
共2兲3

冊

d 3q
A
,
3 ln
共2兲 det H␣␤

where A is an insignificant dimensional constant. Separating
the most singular fluctuation contribution 关see Eq. 共23兲兴, one
can find
Fsng
⬇−T
V

冕

d 3q
A
3 ln
共2兲 关1 + ˜␤ 共q 兲兴关⑀ + 2 q2 + S ˜␤ 共q 兲兴
2 z
12 2 z
1,a a

with ˜␤2共qz兲 ⬅ ␤2共qz兲 / 关1 + ˜␤2共qz兲兴. The corresponding contribution to the specific heat is given by
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C⬘ = −
=

T d2Fsng
⬇
V dT2
1

2
821,x

冕

冕

1
d 3q
3
共2兲 关⑀ + 2 q2 + S ˜␤ 共q 兲兴2
12 2 z
1,a a

⬁

dqz

−⬁

1
2 2
⑀ + 1,z
qz + S12˜␤2共qz兲

C⬘ =
共38兲

.

Note that the denominator of the the logarithm argument
coincides with the denominator of the fluctuation propagator
共23兲. Introducing the reduced variable u = 1,zqz / 冑⑀, we rewrite this result in a form convenient for numerical evaluation:

共⑀兲 ⬇

冦

共1 + S12r兲−1/2 = 1,z/˜z ,

冑1 − 共S12/⑀兲ln关Cr共⑀ − S12兲兴,

1−

S12 ln共C1r⑀兲
2⑀ 1+˜ ln共C r⑀兲 ,

with C1 = 16−2␥Eexp共−2兲 ⬇ 0.391.
The formulas 共39兲 and 共40兲 work in the entire region ⑀
Ⰶ 1. The intermediate asymptotic in  appears only in the
case rS12 Ⰷ 1 which is valid for MgB2.20 One can see that the
main difference between the GL and non-GL regions in the
temperature dependence of the fluctuation heat capacity correction is the change in the coefficient of the ⑀−1/2 dependence in factor ˜z / 1,z.
B. Paraconductivity

The paraconductivity in the phenomenological GL approach can be expressed via the eigenvalues of the GL
Hamiltonian and the matrix elements of the “velocity” operator v̂␣a = H␣␣共q兲 / qa.15 The general formula for the paraconductivity tensor extended to the case of two-band model
is

ab =

4Te2
ប

=

4Te2
ប
+

冕
冕

2
81,x
1,z冑⑀

共39兲

,

where the dimensionless function 共⑀兲 ⬅ 共⑀ , r , S12 , ˜兲 is defined as

冕

共⑀兲 =

⬁

0

2du
1
.
 1 + u2 + 共S /⑀兲˜␤ 共r⑀u2兲
12
2

共40兲

This function weakly depends on temperature and has the
following asymptotics:

for ⑀ Ⰶ 1/r + S12
for 1/r + S12 Ⰶ ⑀ Ⰶ S12 ln共rS12兲
for S12 ln共rS12兲 Ⰶ ⑀ Ⰶ 1

1

共⑀兲

a⬘ ⬇

e2
ប

冕

冧

4
q2a共1 + S12ra˜␤a⬘兲2
d3q 1,a
共2兲3 共⑀ + 2 q2 + S ˜␤ 兲3
1,i i

共42兲

12 2

2
2
/ 1,a
with ˜␤1⬘ ⬅ 1 / 共1 + ˜␤2兲2, ˜␤2⬘ ⬅ ␤2⬘ / 共1 + ˜␤2兲2, and ra = 2,a
共rz ⬅ r兲. Below we evaluate the in-plane and z-axis components of paraconductivity separately.

1. In-plane component

In the case of an in-plane paraconductivity we can neglect
the small renormalization of the in-plane velocity in formula
共42兲, perform the q储 integration, and get

a b
v̂nk
v̂kn␥k␥n
d 3q
3兺
共2兲 n,k nk共␥nk + n␥k兲

冉

a b
a b
v̂11 ␥2v̂22
v̂22
d3q ␥1v̂11
+
3
3
3
共2兲
21
22
a b
2v̂12
v̂21

−1
12共␥−1
1  1 + ␥ 2  2兲

冊

共41兲

a
⬅ 兺␣n,␣v̂␣a k,␣ 共we restored dimensional units in
with v̂nk
this formula兲. Let us stress that the summation here is performed over the mode indices rather than the band indices in
other parts of the paper.
The main contribution to the paraconductivity comes
from the projection onto the singular mode 关the first term in
the square brackets in Eq. 共41兲兴. Keeping only these terms
and using results 共35兲 for the eigenvalue L−1
1 共q兲 = 1共q兲
− i⍀␥1共qz兲 and 共37兲 for eigenvector, we derive

FIG. 2. 共Color online兲 Temperature dependencies of the paraconductivity components 共solid lines兲. Left panel shows the inplane component in units of e2 / 共32បz,1兲 关function 共⑀兲 / 冑⑀, see
Eqs. 共40兲 and 共43兲兴. This curve also gives the fluctuation specific
heat in units 1 / 共821,x1,z兲 关see Eq. 共39兲兴. Right panel shows the
z-axis component in units of e2z,1 / 共32ប2x,1兲 calculated from Eq.
共44兲. Both components were calculated using parameters S12
= 0.035, ˜ = 0.377, and r = 300. For comparison we also show the
Ginzburg-Landau asymptotics 共dotted lines兲 and -band contribution to paraconductivity 共dashed lines兲. One can see that the inplane component diverges more slowly and the z-axis component
diverges more quickly than the paraconductivity in a single-band
anisotropic superconductor. In the z plot we indicate three characteristic regions with different functional dependencies of fluctuation
parameters.
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x⬘ ⬇

e2
32ប

冕

⬁

dqz

−⬁

1
2 2
⑀ + 1,z
qz + S12˜␤2共qz兲

.

One can see that the in-plane conductivity has exactly the
same temperature dependence as the fluctuation specific heat
and therefore can be represented in the form analogous to
Eq. 共38兲:
e2

x⬘ =

32ប1,z冑⑀

共⑀兲,

共43兲

where the function 共⑀兲 is defined by Eq. 共40兲. The above
results show that x⬘ has a 3D character but diverges slower
than the specific 1 / 冑⑀ law. Numerically calculated dependence x⬘共⑀兲, with parameters typical for MgB2, S12 = 0.035,
˜ = 0.377, and r = 300, is shown in the left panel of Fig. 2
with the GL asymptotic for T → Tc and the single -band
curve. Taking the estimate for the coherence length of MgB2
crystals as8 1,z ⬇ 2 nm, we find the typical scale for the flucx0
tuation
correction,
⬘ = e2 / 共32ប1,z兲, as x0
⬘ ⬇ 40
−1
共⍀ cm兲 . This scale must be much higher in dirty MgB2
films. The in-plane paraconductivity in MgB2 films has been
studied recently by Sidorenko et al.,32 but in the analysis of
the experimental data the two-band nature of MgB2 was not
taken into account. Nevertheless, it was found that the paraconductivity indeed diverges slower than 1 / 冑⑀, in agreement
with our results.

Essential contributions to the integral in Eq. 共42兲 occur from
two regions of qz: from qz ⬃ 1 / 2,z in arguments of functions
˜␤ and ˜␤⬘ 共mainly -band contribution兲 and from q
2
z
2
⬃ 冑⑀ / 1,z 共mainly -band contribution兲. This corresponds to
the ranges u ⬃ 1 / r⑀ Ⰶ 1 and u ⬃ 1 in the reduced integral Eq.
共44兲. We separately evaluate contributions from these ranges,
or, what is the same, from  and  bands in the most interesting case rS12 Ⰷ 1 relevant for MgB2.
In the range u ⬃ 1 / r⑀ one can drop -band terms in Eq.
共44兲. As we consider the regime ⑀ Ⰷ S12 we can neglect the
term with ˜␤ in the denominator. Changing the variable in the
integral, one can obtain the following result for this term

z,⬘  ⬇
C2共˜兲 =

z⬘ ⬇

e21,z

2 冑
32ប1,x
⑀

冕

⬁

0

12

2

In the Ginzburg-Landau regime, ⑀ Ⰶ 1 / r + S12, we obtain

z⬘ =

e21,z冑1 + S12r
2 冑
321,x
⑀

.

In the regime of nonlocal fluctuations 共⑀ Ⰷ 1 / r + S12兲, out
of the GL region, the behavior z⬘ becomes quite peculiar.

z⬘ =

e 1,z
2

2 冑
32ប1,x
⑀

冦

with
Iz =

16


冕

⬁

du

0

⬁

4dv 2 ˜ 2 2
v 关␤2⬘共v 兲兴 .


共45兲

冑 冉

e21,z
2
32ប1,x

⑀

1+

冉

S12
Iz
2⑀

冊

共46兲

冊

˜
ln共C3r⑀兲
u2
˜␤⬘ − ␤2
⑀
r
2
2 2
2 ⬇−
共1 + u 兲
1+u
1 + ˜ ln共C4r⑀u2兲

with C3 = 16−2␥Eexp共−4兲 ⬇ 0.053 and C4 ⬇ 2.9. Let us note
that in this range of temperatures the contribution from the 
band comes with the negative sign, as in the cases of heat
capacity and in-plane paraconductivity. This means that the
-band contribution changes sign with increasing temperature. Comparing contributions 共45兲 and 共46兲, we find that the
-band term dominates the interval of temperatures ⑀
⬍ S12共rS12兲1/3.
Therefore, in the case rS12 Ⰷ 1, the z-axis paraconductivity
z⬘ has three asymptotic regimes:

共1 + S12r兲1/2 ,

for ⑀ Ⰶ 1/r + S12 ,

冑

for 1/r + S12 Ⰶ ⑀ Ⰶ

2
rS12
C2共˜兲/⑀3/2 ,
ln共C1r⑀兲
S
1 − 212⑀ ˜
,
1+ ln共C1r⑀兲

冕

C2共˜兲,

Numerical calculation gives C2共0兲 ⬇ 1.185 and C2共0.377兲
⬇ 0.235.
In the range u ⬃ 1 the main contribution occurs from the
-band and the terms proportional to S12 共-band terms兲 can
be treated as small perturbations. Expansion with respect to
these terms leads to the following result for the paraconductivity contribution:

z,⬘  ⬇

4du u2关1 + S12r˜␤2⬘共u兲兴2
. 共44兲
 关1 + u2 + 共S /⑀兲˜␤ 共u兲兴2

2 2
32ប1,x
⑀

0

2. z component

The longitudinal component of paraconductivity z⬘ is
given by Eq. 共42兲. Here the velocity renormalization turns
out to be essential and it cannot be omitted. Performing integration with respect to q储 and using the previously introduced reduced variable u, the result can be rewritten as

2 冑
r
e21,zS12

共rS12兲4/3
,
r

for max关1/r + S12,S12共rS12兲 兴 Ⰶ ⑀ Ⰶ 1.
1/3

In the case rS12 ⬍ 1 the intermediate asymptotic disappears.
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The right panel of Fig. 2 shows the numerically calculated
dependence of z⬘共⑀兲 with parameters specified in the captions. For comparison, we also show the GL asymptotics and
the -band contribution.
V. FINAL REMARKS

In this paper we have presented a microscopic derivation
generalizing the conventional GL description for two-band
superconductors. We have further applied the developed approach to the investigation of the fluctuation phenomena in
MgB2. The important feature of our approach is that the derived nonlocal GL functional takes into account not only the
long-wavelength fluctuations 共as is the case of the conventional GL theory兲, but also the short-wavelength fluctuations,
which significantly extends the range of validity of the GL
technique. This approach not only permits the study of the
thermodynamic characteristics of superconductors, but provides a convenient technique for calculation of transport coefficients.
It is necessary to underline that we succeeded in solving
analytically the problem of accounting for short-wavelength
fluctuations due to the large difference, specific to our model,
in the intraband diffusion coefficients D␣. Fortunately, this
assumption corresponds to the interesting practical case of
magnesium diboride.
One can see that the main qualitative effect that determines the unusual behavior of fluctuations in the anisotropic
two-band model consists of globalization of superconductivity in the immediate vicinity of transition temperature 共⑀
Ⰶ 1 / r + S12兲. It occurs due to the possibility for electrons on
both bands to participate in fluctuation pairing and to exchange fluctuation pairs between them. Formally, this process manifests itself in the appearance of long range superconducting correlations on the scale ˜z Ⰷ 1,z , 2,z.
Turning to the role of fluctuations in MgB2, we refer to
the formulas for paraconductivity in a one-band 3D anisotropic superconductor:15

x⬘ =

x
,
32ប冑⑀ yz
e2

z⬘ =

z
.
32ប冑⑀ xy
e2

共48兲

We see that the growth of the effective ˜z results in the noticeable increase in the z-axis paraconductivity in the immediate vicinity of critical temperature 共⑀ Ⰶ 1 / r + S12兲 with re4/3 1/3
spect to its high-temperature 共⑀ 艌 S12
r 兲 extrapolation
based only on the -band fluctuation pairing. The crossover
between these two 3D regimes occurs in the narrow interval

1

V. L. Ginzburg and L. D. Landau, Zh. Eksp. Teor. Fiz. 20, 1064
共1950兲.
2 A. A. Abrikosov, Zh. Eksp. Teor. Fiz. 32, 1442 共1957兲 关Sov.
Phys. JETP 5, 1174 共1957兲兴.
3
G. Blatter, M. V. Feigel’man, V. B. Geshkenbein, A. I. Larkin,
and V. M. Vinokur, Rev. Mod. Phys. 66, 1125 共1994兲.

4/3 1/3
of temperatures 1 / r + S12 Ⰷ ⑀ 艌 S12
r where the boson degrees of freedom corresponding to the pairings in  band
rapidly freeze out, leading to the fast decrease 共⬃⑀−2兲 of
z-axis paraconductivity. We want to stress that this temperature dependence appears due to the noticeable contribution
of short-wavelength fluctuations in this range of temperatures.
In the case of the in-plane component of paraconductivity
and the fluctuation part of heat capacity, the situation is the
opposite. The coherence length z appears in the denominator
of the corresponding expressions, so x⬘ and C⬘ are suppressed by the high temperature behavior in the vicinity of
transition with respect to their extrapolation formulas. A
similar situation occurs in the temperature dependencies of
the in-plane upper critical field and in the anisotropy of the
upper critical field.6,7
The obtained results coincide with those of the diagrammatic approach, but the proposed GL description has the advantage of being more physically transparent, economic, and
universal. The fact that the results derived via GL equations
coincide with those of our microscopic consideration is a
convincing cross-check of the phenomenological description.
The same approach can be used to derive other fluctuation
properties such as the magnetic susceptibility and the field
dependencies of conductivity and magnetization in the vicinity of transition.
Recently fluctuation magnetization of magnesium diboride has been analyzed by Romano et al.33 It was found
that at temperatures 0.45 K higher than the transition temperature 共Tc = 39.05 K兲 the magnetization has anomalous
field dependence: the upturn in the magnetization curve, usually related to the incipient effect of the magnetic field in
quenching the fluctuating pairs, at this temperature splits and
with the further increase of temperature displays a double
structure. Such a behavior is obviously not described by the
standard GL theory. The authors of Ref. 33 used our twoband nonlocal GL functional 关Eqs. 共27兲–共29兲兴 in order to
calculate the fluctuation magnetization in the two-band
model and found that the experimental findings are well described by such extended GL formula.
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